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Concrete Executions
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Abstract Interpretation

X=x —Yy
Concrete Executions Abstract Interpretation
(x> 1y-1} {x>2,y>2} {xw>3,y> 3} {x »[1,3],y » [1,3]} AbstractDomain
' \ \ }
x=x —y X=x —7y X=x —y Abstract Transformer
V \ \ '

(x»0y—1} {x»0y»2} {x»0ym 3} {x »[-2,2],y » [1,3]}



Abstract Domains

Intervals Octagons Polyhedra

x € [—1.2,3.4]

Expressivity increases. So does transformer complexity.



Abstract Transformers

1. Soundness: Output should cover

all possible new states. - =
vV (x,y) € 0,(ax + by,y) € 0’
0 :
0
2. Precision: Measure of how “small” Sound
the sound outputs are. __.Soundness =
. . : , " Precision Erficioncy
3. Efficiency: Computation time of {  (fewer false ﬁ y
. (faster analysis)
the transformer. -, alarms)
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Limitations of Current Transformers Design

Per-Domain, Per-Instruction

Instruction-Wise Reasoning

Fixed Precision-Efficiency Tradeoff



Limitations of Current Transformers Design

Per-Domain, Per-Instruction



Limitation 1: Per-Domain, Per-Instruction

Abstract Domains Concrete Instructions
Interval Assignments
Zones Meet with guards
Octagons Guarded assignments
Octahedron
Polyhedra

Transformer needs to be implemented for each (domain, instruction) pair!



Limitation 1: Per-Domain, Per-Instruction

elina_auxiliary
elina_linearize
elina_oct
elina_poly
elina_zones
elina_zonotope
fconv

fppoly

gpupoly

java_interface

linAsted Mabedfils with the fliee ennneeted hv Inrae Mavas
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examples
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octagons

ppl

pplite

products

tayloriplus

Use strip --strip-unneeded for stripping.

Merge pull request #97 from antoinemine/fix/strip

Update Java version requirement.

Initialize local roots with Val_unit instead of O to prevent G...

Renamed "matrix_t" and related functions, adding prefix "...

fix float rounding of linear expressions for very large ration...

Use strip --strip-unneeded for stripping.

Use strip --strip-unneeded for stripping.

When allocating Apron intervals, force use of MPQ scalars.

Use strip --strip-unneeded for stripping.

Use strip --strip-unneeded for stripping.

3 years ago

2 years ago

2 years ago

2 years ago

2 years ago

2 years ago

3 years ago

3 years ago

2 years ago

3 years ago

3 years ago

Thousands of lines of complex implementation!




Limitations of Current Transformers Design

Instruction-Wise Reasoning
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Limitation 2: Instruction-Wise Reasoning

* Transformers are implemented for each instruction and then composed.

x=x+7y 0 = — () - — 0" Precision is non-
y=2xy compositional!

* x — yispreserved across the block, but not captured instruction-wise.

* Need sequence-aware transformers. More complex and many
possible sequences!

0 = = 0
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Limitations of Current Transformers Design

Fixed Precision-Efficiency Tradeoff
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Limitation 3: Fixed Precision-Efficiency Tradeoff

int x =0, y = 0;

while (y <= 10)

assert(x <= 0);
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Limitation 3: Fixed Precision-Efficiency Tradeoff

int{x = 9, y = 0; Initial value of xis 0

while (y <= 10)

assert(x <= 0);
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Limitation 3: Fixed Precision-Efficiency Tradeoff

int x =0, y = 0; Initialvalue ofxis0 x'=x+y —(y+1)=x —1

(x decreases by one in each iteration)
while (y <= 10)
{

}

assert(x <= 0);
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Limitation 3: Fixed Precision-Efficiency Tradeoff

int x =0, y = 0; Initialvalue ofxis0 x'=x+y —(y+1)=x —1
(x decreases by one in each iteration)
while (y <= 10)

{ X = X + y; x < Ois avalid loop invariant!
=yt
X =X - Y;
}

asserth <= 0)|;
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Limitation 3: Fixed Precision-Efficiency Tradeoff

int x =0, y = 0; Initialvalue ofxis0 x'=x+y —(y+1)=x —1
(x decreases by one in each iteration)
while (y <= 10)

{
X = X +V; x < 0is avalid loop invariant!
y =y +1;
X = X - Y;
} Octagon analysis with state-of-the-art

libraries fail to prove this!
assert(x <= 0);
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Limitation 3: Fixed Precision-Efficiency Tradeoff

Computing the most precise outputs is expensive!

—o< x <10 < x <7
—o<Xx —Yy - - <x —y<|?
<-1 <x+y <
—o<x+y <21
Xnew _ynewz(xold _yOld)_yOld:XOId_Z*YOld
—oo< x <10
1 < vy <11 LP
max x — 2y S.t. -2
Y —o<x —y<-1 = Solver -
_Oon+y <21 XXy

18



Limitation 3: Fixed Precision-Efficiency Tradeoff

Computlng the most precise outputs is expenswe! Proves the assertion!

T o~

—o< x <10 —o < x <|-1

1 < y <11 - - 1 < y <11 O Precise but expensive
—0<x —y —o<x—y<g -2 O(n?) solver calls!

< -1 —oo<x+yd10

—o<x+y <21

Libraries use cheaper (but less precise) heuristics like Intery] L€ads tofailure in
proving the assertion!

T ~—~——
—0o< x <10 Xold € [—oo, 10] IOO<S . <S191
1 < <11 =Y =
Y 4 = yoaq €[1,11] - —o<x—-yg38
Xnew — Ynew = Xold — 2 * Yold —o=x+ys 10
= [—oo, 8] Sound but

less precise!
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Limitation 3: Fixed Precision-Efficiency Tradeoff

Libraries prioritize efficiency over precision!
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Limitation 3: Fixed Precision-Efficiency Tradeoff

Different tasks have different precision-efficiency requirements.

Precision

Transformers have fixed heuristics and
cannot be adapted as per task requirements!

Compute Time

21



What Do We Need?

Per-Domain, Per-Instruction Works across domains and instructions

Instruction-Wise Reasoning Supports sequences

Fixed Precision-Efficiency Tradeoff Adaptable Precision-Efficiency
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Evolving Abstract Transformers

Evolving Abstract Transformers provide a unified framework across

various domains, instructions, and instruction sequences and work

by constructing a sound space of outputs and evolving within it to
allow precision-efficiency adaptability.
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Evolving Abstract Transformers

Search Objective,

Epochs,

—w< x <10 Parametric family of Learning Rate

1< y <11 octagons which is
—os=x—y=-1 sound forall 8 € © l
—0 < <

©osxtyszl \ w Output Abstract Element

Input Abstract Element .
Universal flgglg i X <S fz((:z)) Gradient- —es x s-—1
< < ! 1< <11
f3(63 y fa(64 N Guided y

—o<x—y<—2
—o<x+y<10

X=X-Yy — ;Sggsgix‘F )’E?Ege%
7\U7) =X — Y = Jg\Ug
Instruction Output

(or Sequence) / Encoder Space

Octagon

Traversal of

Abstract Domain
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Evolving Abstract Transformers

Supports Polyhedral domains
(Ax < b) like Intervals,
Octagons, Polyhedra etc.

——
Octagon

Abstract Domain
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Evolving Abstract Transformers

Supports instructions (and
sequences) with linear/quadratic
state updates and linear guard
constraints.

——

X=X-Yy

Instruction
(or Sequence)
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Evolving Abstract Transformers

Per-Domain, Per-Instruction Works across domains and instructions

Instruction-Wise Reasoning Supports sequences
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Evolving Abstract Transformers

Search Objective,
Epochs,
Learning Rate

Parametric family of
octagons which is
sound forall 8 € ©

N
Universal f160) < x < f£,(0,)
f3€93§ < y < f4gg4g —
f5(0s) <x+ y < fs(06
f7(67) <x— y < fg(0g) Trfi;ﬁ:;iof

Encoder Space

Gradient-

Guided




Key ldea 1: Sound Traversable Space of Outputs

Instead of computing a fixed output, capture a space of sound outputs!

29



Key ldea 1: Sound Traversable Space of Outputs

Instead of computing a fixed output, capture a space of sound outputs!

—0< x <10 @) = x =< f,(0)
iOOSS xy_ ys 11 =) = 0'(9) = gggg i ) z ) 2 ;zgg% Parameter space © = {460 < b}
<-1

f7(0) <x+y < f3(6)
. 0’(91)
0'(8,)
o ® @ 0,(9:)
‘ 0’(84-)

Tasks can adapt and pick the outputs that suit them!

—o<x+y <21

30



Key ldea 1: Sound Traversable Space of Outputs

How to capture such a space?

IA 1A

A |~ o

<

IA IAIA IA

—o<x+y <21

—00 x <10

1 y <11 LP
—w<x—y<—1 ™ E. - -2

—o<x+y <21

<
<

c* = max x — 2y s.t.

#

x —y < c¥ is most precise. Any bound ¢ more than c* is sound!

31



Key ldea 1: Sound Traversable Space of Outputs

How to capture a space of bounds more than (or equal to) c¢¥#?

—o< x <10
c* = max x — 2y s.e. 1 sy s
—o<x —y<-1

—o<x+y <21

Duality

32



Key ldea 1: Sound Traversable Space of Outputs

How to capture a space of bounds more than (or equal to) c¢¥#?

10 — x >0

#_ y —1 >0 .
c" = max x — 2y s.t.
Y “y+11 >0 Duality
y—x-—-1 =0
21 —x —y =20

33



Key ldea 1: Sound Traversable Space of Outputs

How to capture a space of bounds more than (or equal to) c¢¥#?

10 — x 20(—11
y —1 >0 < 4y
y—x —1 =20 <44
21—X—y 2()(_15

Duality

c* = max x — 2y s.t.

Lagrangian Lx,y, )=(x —2y)+ A« (10 —x) + A, = (y — 1) ...
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Key ldea 1: Sound Traversable Space of Outputs

How to capture a space of bounds more than (or equal to) c¢¥#?
10 — x >0 (_Al
#o_ y —1 >0 < 4y .
c" = max x — 2y s.t.
* Y —y+11 20 < A3 Duality
y—x —1 =20 <44
21 —x —y =20 < 45

Lagrangian (x —2y)+ A, «(10 —x) + A, = (y — 1) ...

Lagrangian (1) = max Weak Duality: VA1 > 0,g(1) > ¢*
Dual '
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Key ldea 1: Sound Traversable Space of Outputs

g(D) =101, + 1123 + 2145 — A, — A4 = 1;=>0, Complex high-dim
Mtds+4s =1, equality constrained space.
/12"‘).4_/‘{3—/15 :2

Tough to traverse/project.

Sound

Traversable ¢

36



Key ldea 1: Sound Traversable Space of Outputs

c?

How to capture an easily traversable space of bounds more than (or equal to)

10 — x >0

d _+111 i 8 Duality = Selective
yy—x _1 >0 Dualization
21 —x —y =20

c* = max x — 2y s.t.
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Key ldea 1: Sound Traversable Space of Outputs

How to capture an easily traversable space of bounds more than (or equal to) c¢#?

10 — x >0

max x — 2y s.t. 3:__'_111 58 Duality = Selective
Y - Dualization

c¥# =

Box x € [—o0,10],
Constraints y € [1,11]
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Key ldea 1: Sound Traversable Space of Outputs

How to capture an easily traversable space of bounds more than (or equal to) c¢#?

c* = max x — 2y s.t. Duality = Selective

y—x—1 >0 Dualization

21 —x —y =20

Relational y —x —1 =0
Constraints 21 —x —y =0

39



Key ldea 1: Sound Traversable Space of Outputs

How to capture an easily traversable space of bounds more than (or equal to) c¢#?

# = max x —2y s.t. Duality = Selective
Dualization

C

y—x—-1 204
21 —x —y =20 4 Dualize only the relational constraints!

Lagrangian L,y =& =2y)+ 41 x(y —x =D+ 24,21 —x —y)

40



Key ldea 1: Sound Traversable Space of Outputs

How to capture an easily traversable space of bounds more than (or equal to) c¢#?

c* = max x — 2y s.t. Duality = Selective

y—x —1 >0« Dualization

21 —x —y =20 4 Dualize only the relational constraints!

Lagrangian Loy, ) =@ =2y)+ 41 x(y —x =D+ 2,21 —x —y)

Lagrangian —
8 8 g() xe[—oo,%%en,n] L(xy,4)
Dual

41



Key ldea 1: Sound Traversable Space of Outputs

How to capture an easily traversable space of bounds more than (or equal to) c¢#?

10 — x >0

c* = max x —2y s.t. 7 _+111 ig Duality = Selective
-y = . .
Y —x -1 >0 M Dualization
21 —x —y =20 42 Dualize only the relational constraints!

Lagrangian L,y ) =& =2y)+ 41 x(y —x =D+ 2, +(21 —x —y)

. Specialized
Lagrangian — - . )
g g g xe[_oo’%%e[l’n] L(x,y,4) Bounding

Dual Procedure

42



Key ldea 1: Sound Traversable Space of Outputs

g(1) =8 —104; + 102, 6= 4 =0, Lower dim, less and easy constraints!

Sound

Traversable

43



Key ldea 1: Sound Traversable Space of Outputs

g(ﬂ,l,}{z) =8 — 1011 + 10/12 O = {/11,12 = O, Al + Az < 1}

—o0o< x <10

1 <= y <11 = =)
—0o<x —Yy

< -1

—oo < x+y-<21
All Sound!

IAIA IN IA

+ =R

<<

IA IN IA INA
N N

xR xR

g Interval result at 0!
(Alr /12) = (04, 0) = g(Al,Az) =4 el

(A1,4,) =(0,0) = g(14,1,) = 8 (Interval Analysis)
(/11, Az) == (0, 04) = g(Al, /12) =12

A,4,) =(1,0) = g(A,4,) = —2 (Most Precise
(/11’/12):(0’1) Sg(ll,lz)=18 (1 2) (1,0) 9(1 2) ( /¥)

Most Precise always in
space for linear operators!
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Traversing the space of outputs

—o< x <10 f1(0) < x < £,(0)
1 < y <11 ooy = f3(0) =y < fa(6)
—o<x —y = = 0'(6) = fi(H)Sx—ysz(H)
< -1 f7(8) <x+y < fg(6)

—o<x+y <21 Parameterspace ©@ = {46 < b}

 Need a concrete output to proceed (choose some 8" € O to initialize)!
* |deally, find the most precise in the space of outputs but not trivial.
* For precision-efficiency adaptability, an ideal search procedure should:

* Allow downstream tasks to specify some runtime budget R.
* Should ensure that more budget implies more precision.
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Traversing the space of outputs

Space is differentiable!
g(ﬂ,l,}{z) =8 — 1011 + 10/12 0= {/11,/12 > O, Al + Az < 1}

—o< x <10 < x <?
1 < vy <11 - » < y <7
—0 <X —Y <x —y<
< -1 <x+y <

—o<x+y <21

* g(14,1,) represents the bound; smaller value => more precise.

* Gradient-descent to move towards precise outputs with gradient steps R.
More time -> More Steps -> More Precise

* Naive gradient descent is difficult as we have constraints on parameters.

46



Key ldea 2: Adaptive Gradient-Guided Search

* Use adaptive gradient descent to make the bounds precise!
* If inside parameter space ©, minimize g(4,,1,) by descending on it.

If the search goes outside 0, we steer the search back by minimizing
constraint violations.

Traversal is started at 8 = 0 to always be as precise as interval relaxation.

47



Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01 +1, <1} g(11,43) =8 —104; + 104, x =y <9y, 42)

Precision

Interval

Relaxation

(A41,4,) =(0,0) >x —y <8 Compute Time

48



Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01 +1, <1} g(11,43) =8 —104; + 104, x =y <9y, 42)

Precision

Interval

Relaxation

(A41,4,) =(03,0) >x —y <5 Compute Time
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Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01 +1, <1} g(11,43) =8 —104; + 104, x =y <9y, 42)

Precision

N

Interval

Relaxation

(A41,42) = (0.6,0) >x —y <2 Compute Time

50



Key ldea 2: Adaptive Gradient-Guided Search

0={A,1,=>01 +1, <1} g(A1,2) =8 — 104, + 104, x =y =g, 42)
Precision
VLN
® o
v 4
® Interval
Relaxation

(A1,22) =(09,0) >x —y < -1 Compute Time
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Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01 +1, <1} g(11,43) =8 —104; + 104, x =y <9y, 42)
Precision
VLY
® o
v 4
,’ Interval
X Relaxation

(/11,/12) =(1.2,0) Compute Time
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Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01;+2,<1) g(11,43) =8 —104; + 104, x =y <9y, 42)
Precision
VAN
® ®
' 4
,’ Interval
X Relaxation
(41,2,) = (1.2,0) Compute Time

A+ A1
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Key ldea 2: Adaptive Gradient-Guided Search

O ={A,1, =014+, <1} g(A1,2) =8 — 104, + 104, x =y =g, 42)
Precision
VLY
® o
‘ Y4
,’ Interval
X Relaxation

(/11,/12) =(1.2,0) Compute Time

A+A,£1 Descent on max(4; + 4, — 1, 0) to restore feasibility!
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Key ldea 2: Adaptive Gradient-Guided Search

0={1,1,>01;+2,<1) g(11,43) =8 —104; + 104, x =y <9y, 42)

Most
Precise

Precision

ol K'

o
1,
Interval
xt

Relaxation

(A,4) =(1,0)=>x —y < -2 Compute Time
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Evolving Abstract Transformers

Per-Domain, Per-Instruction Works across domains and instructions
Instruction-Wise Reasoning Supports sequences

Fixed Precision-Efficiency Tradeoff Adaptable Precision-Efficiency
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Experimental Evaluation: Linear

125 -
121121 121
 NLA-Digbench benchmarks: , 100 - e
. o 4+~ —_ 91
55 programs. 237 invariants across e .o . ovemican0s B -
. = vera ain —
all program points. g B . ~e- Remaining Gap (RG) & o -
—_ - e O]
* Analysis run with increasing number of * —o__ £
gradient steps R for linear operators. T~ s 4 g
- 0
0 - T T T T HT____ 4 >
60 62 64 66 68 70 72 BL=0 0-1 122 253 3-4 4-3

* Overall Gain (OG): # of invariants
strengthened over those computed by
state-of-the-art library ELINA.

Runtime (s) Progression of Budget R

N
®)
-]
Q)
w

* Remaining Gap (RG): # of invariants still

-l[ﬂ —~ _ 31
weaker than those computed by most & (. _ 2> z
. . = N 29 —— Overall Gain (0OG) = 4 -
precise LP solver baseline (230s for S ®_ _e Remaining Gap (RG) 3
Zones and 350s for Octagons). . 20 - 2 “ELh
. =
. . . . ™~ 5 8-
* Marginal Gain (MG): # of invariants ~ .l o ;J
. 0
strengthened compared to previous R. 0 o 90 o5 100 105 110 BLoO 041 142 293 344 425
Runtime (s) Progression of Budget R
Octagons
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Experimental Evaluation: Linear

125 -
121121 121
* NLA-Digbench benchmarks: , 100 - e
. . ] —_ 91
55 programs. 237 invariants across e .o £
. = —@- Overall Gain (OG) 2 80 -
all program points. g B . ~e- Remaining Gap (RG) & o -
—_ - e ©)
* Analysis run with increasing number of * —o__ E
gradient steps R for linear operators. T~ s 4 g
0 oo |2|
* Overall Gain (OG): # of invariants 60 62 64 66 68 70 [72 BL*"PI?;Q;;S:; oo d;;t“ﬂ‘“-"
strengthened over those computed by Runtime (s) Zones
state-of-the-art library ELINA. g R
. . . 59 59 59
* Remaining Gap (RG): # of invariants still _ o )
weaker than those computed by most  § 40- % A S v S — 2
. . = ~ vera ain
precise LP solver baseline (230s for S | L e nemaining cap | /00Ut 3.2x faster
Zones and 350s for Octagons). < 20 - 2 convergence to
™~ - i |
. . . . . . ~! 4 most-precise!
Marginal Gain (MG): # of invariants —
H = 0
strengthened compared to previous R. 0 O BLDO 041 142 23 344 4o
Runtime (s) Progression of Budget R
Octagons
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Experimental Evaluation: Quadratic

Analysis run with increasing number of gradient steps R for linear and quadratic operators.

Overall Gain (OG)

135 -

130 -

125 =

120 =

115 -

110 -
1

Marginal Gain (MG)

135 135 135

112

10

100 -

75 =

70 75 80 8 90 95
Runtime (s)

110

BL-0 0-1 1-2 2-3 3-4 4-5
Progression of Budget R

(a) Zones

Overall Gain (0OG)

113 113

110 - 11

105 -

100 -

Marginal Gain (MG)

T T T T T

120 130 140 150 160
Runtime (s)

a5

80 -

BL-0 0-1 1-2 253 324 4-5
Progression of Budget R

(b) Octagons

170

Overall Gain (OG)

Gains over baseline
even for complex
domains like

Polyhedral!
a5 45
44 -
43
42 -
40 -
40
38 -
38 38
T T T T
100 110 120 130
Runtime (s)
6 40
40 - 38
2
S
g 30 -
o=
ad
O 20 -
—
e
‘5 10 - 2
— 3
©
2

BL»0 0-1 122 253 3-4 4-5
Progression of Budget R

(c) Polyhedra
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Looking Forward

 GPU-driven large-scale numerical abstract interpretation.

* Other analysis tasks like finding an octagon within a target one
x —y<g,1,) €x —y <10 =>Descenton max(10 — g(1,,4,),0)

* Directly use aNN or LLM to learn/predict 8 € O for various tasks.

* While program verification, if property unproved,
choices of 8 can be refined!
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Conclusion

Evolving Abstract Transformers provide a unified framework across various
domains, instructions, and instruction sequences and work by constructing a sound
space of outputs and evolving within it to allow precision-efficiency adaptability.

Parametric family of
octagons which is
sound forall 8 € 0

—o< x <10
1< y =11
—o<x—-y<-1

—o<x+y<21 \

Input Abstract Element Universal fl(gl) < x sz(ez)
Parametric f3(6;) <y < fi(6,)

ooy |y O T S5(65) S+ ¥ < fo(8)
Space f7(67) <x— y < f3(6g)

Instruction

(or Sequence) /

Octagon

Encoder

Abstract Domain

Search Objective,
Epochs,
Learning Rate

l Output Abstract Element

—o< x =<-1
1< y <11
—oo<x—y< -2
—0o<x+y<10

Gradient-
Guided

Traversal of

Output

-

Reach out at sgomber2@illinois.edu!
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  x = x   − y


  { x ↦ 1 ,   y ↦ 1 }


  { x ↦ 0 ,   y ↦ 1 }


  x = x   − y


  { x ↦ 2 ,   y ↦ 2 }


  { x ↦ 0 ,   y ↦ 2 }


  x = x   − y


  { x ↦ 3 ,   y ↦ 3 }


  { x ↦ 0 ,   y ↦ 3 }


  x = x   − y


  x = x   − y


  { x ↦ 1 ,   y ↦ 1 }


  { x ↦ 0 ,   y ↦ 1 }


  x = x   − y


  { x ↦ 2 ,   y ↦ 2 }


  { x ↦ 0 ,   y ↦ 2 }


  x = x   − y


  { x ↦ 3 ,   y ↦ 3 }


  { x ↦ 0 ,   y ↦ 3 }


  x = x   − y


  { x ↦  [  1 ,   3 ] ,   y ↦ [ 1 ,   3 ] }


     (  x = x   − y ) #


  { x ↦  [  − 2 ,   2 ] ,   y ↦ [ 1 ,   3 ] }


  x ∈  [  − 1 . 2 ,   3 . 4 ]


  y ∈ [ 3 ,   8 . 2 ]


  ± x ± y   ≤  c i


  ± x         ≤  d i


  ± y         ≤  e i


   c 1  x 1 +  c 2  x 2 + …  c n  x n ≤


  O


  O ′


     (  x = a x + b y ) #


  ∀    (  x ,   y ) ∈ O ,    (  a x + b y ,   y ) ∈ O ′


  x   − y


  x = x + y


  y = 2 ∗ y


     (  x = x + y ) #


  O


  O ′


     (  y = 2 ∗ y ) #


  O ′ ′


     (          x = x + y ;    y = 2 ∗ y ;     ) #


  O


  O ′


   x ′ = x + y   −  (  y + 1 ) = x   − 1


   x ′ = x + y   −  (  y + 1 ) = x   − 1


  x ≤ 0


   x ′ = x + y   −  (  y + 1 ) = x   − 1


  x ≤ 0


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


   x  n e w   −  y  n e w =  (   x  o l d   −  y  o l d ) −  y  o l d =  x  old − 2 ∗  y  old


    max ⁡    x   − 2 y       s . t .  


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


  ?   ≤         x           ≤   ?  


  ?   ≤         y           ≤   ?  


  ?   ≤ x   − y ≤   ?  


  ?   ≤ x + y   ≤   ?


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


  − ∞ ≤       x         ≤ − 1


  1       ≤       y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


   n 2 )


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


   x  o l d ∈  [  − ∞ ,   10 ]


   y  o l d ∈  [  1 ,   11 ]


   x  n e w   −  y  n e w =  x  o l d   − 2 ∗  y  o l d


                            = [ − ∞ ,   8 ]  


  − ∞ ≤       x         ≤ 9


  1       ≤       y         ≤ 11  


  − ∞ ≤ x − y ≤ 8  


  − ∞ ≤ x + y ≤ 10


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


  − ∞ ≤       x         ≤ − 1


  1       ≤       y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞   ≤ x + y ≤ 10


   V 2 )


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


   x  o l d ∈  [  − ∞ ,   10 ]


   y  o l d ∈  [  1 ,   11 ]


   x  n e w   −  y  n e w =  x  o l d   − 2 ∗  y  o l d


                            = [ − ∞ ,   8 ]  


  − ∞ ≤       x         ≤ 9


  1       ≤       y         ≤ 11  


  − ∞ ≤ x − y ≤ 8  


  − ∞   ≤ x + y ≤ 10


   f 1  (   𝜃 1 ) ≤         x             ≤  f 2  (   𝜃 2 )


   f 3  (   𝜃 3 ) ≤         y           ≤  f 4  (   𝜃 4 )


   f 5  (   𝜃 5 ) ≤ x +   y ≤  f 6  (   𝜃 6 )


   f 7  (   𝜃 7 ) ≤ x −   y ≤  f 8  (   𝜃 8 )


  𝜃 ∈ Θ


  − ∞ ≤         x         ≤ 10  


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 1  


  − ∞ ≤ x + y ≤ 21


  − ∞ ≤         x         ≤ − 1


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


   f 1  (   𝜃 1 ) ≤         x             ≤  f 2  (   𝜃 2 )


   f 3  (   𝜃 3 ) ≤         y           ≤  f 4  (   𝜃 4 )


   f 5  (   𝜃 5 ) ≤ x +   y ≤  f 6  (   𝜃 6 )


   f 7  (   𝜃 7 ) ≤ x −   y ≤  f 8  (   𝜃 8 )


  𝜃 ∈ Θ


  − ∞ ≤         x         ≤ 10  


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 1  


  − ∞ ≤ x + y ≤ 21


  − ∞ ≤         x         ≤ − 1


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


  A x ≤ b


   f 1  (   𝜃 1 ) ≤         x             ≤  f 2  (   𝜃 2 )


   f 3  (   𝜃 3 ) ≤         y           ≤  f 4  (   𝜃 4 )


   f 5  (   𝜃 5 ) ≤ x +   y ≤  f 6  (   𝜃 6 )


   f 7  (   𝜃 7 ) ≤ x −   y ≤  f 8  (   𝜃 8 )


  𝜃 ∈ Θ


  − ∞ ≤         x         ≤ 10  


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 1  


  − ∞ ≤ x + y ≤ 21


  − ∞ ≤         x         ≤ − 1


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


   f 1  (   𝜃 1 ) ≤         x             ≤  f 2  (   𝜃 2 )


   f 3  (   𝜃 3 ) ≤         y           ≤  f 4  (   𝜃 4 )


   f 5  (   𝜃 5 ) ≤ x +   y ≤  f 6  (   𝜃 6 )


   f 7  (   𝜃 7 ) ≤ x −   y ≤  f 8  (   𝜃 8 )


  𝜃 ∈ Θ


  − ∞ ≤         x         ≤ 10  


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 1  


  − ∞ ≤ x + y ≤ 21


  − ∞ ≤         x         ≤ − 1


        1 ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


  − ∞ ≤         x         ≤ − 1


  1       ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ − 2  


  − ∞ ≤ x + y ≤ 10


  − ∞ ≤         x         ≤ 9


  1       ≤         y         ≤ 11  


  − ∞ ≤ x − y ≤ 8  


  − ∞ ≤ x + y ≤ 10


   f 1  ( 𝜃 ) ≤         x         ≤  f 2 ( 𝜃 )


   f 3  ( 𝜃 ) ≤         y         ≤  f 4  ( 𝜃 )


   f 5  ( 𝜃 ) ≤ x − y ≤  f 6  ( 𝜃 )


   f 7  ( 𝜃 ) ≤ x + y ≤  f 8  ( 𝜃 )


  Θ =   { 𝑨 𝜃 ≤ b }


   O ′  ( 𝜃 ) =  


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


   O ′  (   𝜃 1 )


   O ′  (   𝜃 2 )


   O ′  (   𝜃 3 )


   O ′  (   𝜃 4 )


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


     c # =   max ⁡    x   − 2 y       s . t .  


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


  ?   ≤         x           ≤   ?  


  ?   ≤         y           ≤   ?  


  ?   ≤ x   − y ≤ c  


  ?   ≤ x + y   ≤   ?


  x   − y ≤  c #   is   most   precise .     Any   bound   c   more   than     c #


     c # =   max ⁡    x   − 2 y       s . t .  


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


   c #


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


    ← 𝝀 𝟏


    ← 𝝀 𝟐


    ← 𝝀 𝟑


    ← 𝝀 𝟒


    ← 𝝀 𝟓


  L ( x ,   y , 𝜆 ) =  (  x   − 2 y ) +  𝝀 𝟏 ∗  (  𝟏 𝟎   − 𝒙 ) +  𝝀 𝟐 ∗  (  𝒚   − 𝟏 ) …


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


    ← 𝝀 𝟏


    ← 𝝀 𝟐


    ← 𝝀 𝟑


    ← 𝝀 𝟒


    ← 𝝀 𝟓


  L ( x ,   y , 𝜆 ) =  (  x   − 2 y ) +  𝝀 𝟏 ∗  (  𝟏 𝟎   − 𝒙 ) +  𝝀 𝟐 ∗  (  𝒚   − 𝟏 ) …


  g  ( 𝜆 ) =     max   {  x ,   y } ⁡  L ( x ,   y ,   𝜆 )


  ∀   𝜆   ≥ 0 ,   g  ( 𝜆 ) ≥  c #


  g  ( 𝜆 ) = 10  𝜆 1 + 11  𝜆 3 + 21  𝜆 5 −  𝜆 2 −  𝜆 4


  Θ =    𝜆 i ≥ 0


                        𝜆 1 +  𝜆 4 +  𝜆 5 = 1


                 𝜆 2 +  𝜆 4 −  𝜆 3 −  𝜆 5 = 2


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


  x ∈  [  − ∞ ,   10 ] ,  


  y ∈ [ 1 ,   11


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


    ← 𝝀 𝟏


    ← 𝝀 𝟐


  L ( x ,   y , 𝜆 ) =  (  x   − 2 y ) +  𝝀 𝟏 ∗  (  𝒚   − 𝒙   − 𝟏 ) +  𝝀 𝟐 ∗  (  𝟐 𝟏   − 𝒙   − 𝒚 )


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


    ← 𝝀 𝟏


    ← 𝝀 𝟐


  L ( x ,   y , 𝜆 ) =  (  x   − 2 y ) +  𝝀 𝟏 ∗  (  𝒚   − 𝒙   − 𝟏 ) +  𝝀 𝟐 ∗  (  𝟐 𝟏   − 𝒙   − 𝒚 )


  g  ( 𝜆 ) =     max  x ∈  [  − ∞ ,   10 ] ,     y ∈ [ 1 ,   11 ] ⁡  L ( x ,   y ,   𝜆 )


     c # =   max ⁡    x   − 2 y       s . t .  


  10   − x                     ≥ 0


  y   − 1                         ≥ 0


  − y + 11               ≥ 0


  y   − x   − 1       ≥ 0


  21   − x   − y   ≥ 0


   c #


    ← 𝝀 𝟏


    ← 𝝀 𝟐


  L ( x ,   y , 𝜆 ) =  (  x   − 2 y ) +  𝝀 𝟏 ∗  (  𝒚   − 𝒙   − 𝟏 ) +  𝝀 𝟐 ∗  (  𝟐 𝟏   − 𝒙   − 𝒚 )


  g  ( 𝜆 ) =     max  x ∈  [  − ∞ ,   10 ] ,     y ∈ [ 1 ,   11 ] ⁡  L ( x ,   y ,   𝜆 )


  g  ( 𝜆 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  Θ =    𝜆 i ≥ 0


                        𝜆 1 +  𝜆 2 ≤ 1


  g  ( 𝜆 ) = 10  𝜆 1 + 11  𝜆 3 + 21  𝜆 5 −  𝜆 2 −  𝜆 4


  Θ =    𝜆 i ≥ 0


                        𝜆 1 +  𝜆 4 +  𝜆 5 = 1


                 𝜆 2 +  𝜆 4 −  𝜆 3 −  𝜆 5 = 2


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


   (   𝜆 1 ,    𝜆 2 ) =  (  0 ,   0 )   ⇒ g  (   𝜆 1 ,    𝜆 2 )   = 8  


   (   𝜆 1 ,    𝜆 2 ) =  (  0 . 4 ,   0 )   ⇒ g  (   𝜆 1 ,    𝜆 2 ) = 4


   (   𝜆 1 ,    𝜆 2 ) =  (  0 ,   0 . 4 )   ⇒ g (  𝜆 1 ,    𝜆 2 ) = 12


   (   𝜆 1 ,    𝜆 2 ) =  (  1 ,   0 )     ⇒ g  (   𝜆 1 ,    𝜆 2 ) = − 2   (


   (   𝜆 1 ,    𝜆 2 ) =  (  0 ,   1 )         ⇒ g  (   𝜆 1 ,    𝜆 2 ) = 18


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


  ?   ≤         x           ≤   ?  


  ?   ≤         y           ≤   ?  


  ?   ≤ x   − y ≤ g (  𝜆 1 ,  𝜆 2 )


  ?   ≤ x + y   ≤   ?


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


   𝜃 ∗ ∈ Θ  


  R


   f 1  ( 𝜃 ) ≤         x         ≤  f 2 ( 𝜃 )


   f 3  ( 𝜃 ) ≤         y         ≤  f 4  ( 𝜃 )


   f 5  ( 𝜃 ) ≤ x − y ≤  f 6  ( 𝜃 )


   f 7  ( 𝜃 ) ≤ x + y ≤  f 8  ( 𝜃 )


  Θ =   { 𝑨 𝜃 ≤ b }


   O ′  ( 𝜃 ) =  


     (  x = x   − y ) #


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  − ∞ ≤         x           ≤ 10  


  1       ≤         y           ≤ 11  


  − ∞ ≤ x   − y ≤ − 1  


  − ∞ ≤ x + y   ≤ 21


     (  x = x   − y ) #


  ?   ≤         x           ≤   ?  


  ?   ≤         y           ≤   ?  


  ?   ≤ x   − y ≤ g (  𝜆 1 ,  𝜆 2 )


  ?   ≤ x + y   ≤   ?


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  g  (   𝜆 1 ,  𝜆 2 )


  Θ


  g  (   𝜆 1 ,  𝜆 2 )


  Θ ,  


  𝜃 = 0


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  0 ,   0 ) ⇒ x   − y ≤ 8


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  0 . 3 ,   0 ) ⇒ x   − y ≤ 5


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  0 . 6 ,   0 ) ⇒ x   − y ≤ 2


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  0 . 9 ,   0 ) ⇒ x   − y ≤ − 1


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝜆 1 +  𝜆 2 ≤ 1 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  1 . 2 ,   0 )


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝝀 𝟏 +  𝝀 𝟐 ≤ 𝟏 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  1 . 2 ,   0 )


   𝜆 1 +  𝜆 2 ≰


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝝀 𝟏 +  𝝀 𝟐 ≤ 𝟏 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  1 . 2 ,   0 )


   𝜆 1 +  𝜆 2 ≰


  max ⁡ (  𝜆 1 +  𝜆 2   − 1 ,   0 )


    Θ = { 𝜆 1 ,  𝜆 2 ≥ 0 ,    𝝀 𝟏 +  𝝀 𝟐 ≤ 𝟏 }


  g  (   𝜆 1 ,  𝜆 2 ) = 8   − 10  𝜆 1 + 10  𝜆 2


  x   − y ≤ g (  𝜆 1 ,    𝜆 2 )


   (   𝜆 1 ,    𝜆 2 ) =  (  1 ,   0 ) ⇒ x   − y ≤ − 2


  R


  R


  R


  x   − y ≤ g  (   𝜆 1 ,    𝜆 2 )   ⊆ x   − y ≤ 10


  Descent   on     max ⁡  ( 10   − g  (   𝜆 1 ,  𝜆 2 ) ,   0 )


  𝜃 ∈ Θ


  𝜃

