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Abstract. Synthesizing ranking functions is a common technique for
proving the termination of loops. A ranking function must be bounded
and decrease by a specified amount with each iteration for all reachable
program states. Since the set of reachable states is unknown, loop in-
variants are used to over-approximate it, requiring the joint synthesis
of ranking functions and invariants. Existing approaches either synthe-
size them independently, encode them into a single monolithic query,
or connect them through ad hoc, one-way information flow, leading to
inefficient exploration of large search spaces. We present SYNDICATE, a
termination analysis framework based on the novel concept of Bidirec-
tional Decompositional Search (BDS). BDS keeps the ranking function
and invariant synthesis decomposed but ensures continuous bi-directional
feedback. This mutual guidance enables efficient exploration, significantly
increasing the number of programs proven to terminate while reducing
runtime compared to baselines without such feedback. Depending on
the templates used, SYNDICATE is both relatively complete and provably
efficient, outperforming existing techniques that achieve at most one of
these guarantees. Despite its simplicity, SYNDICATE matches or surpasses
state-of-the-art tools in termination proofs and runtime, demonstrating
the effectiveness of bi-directional reasoning in termination analysis.
Github: https://github.com/uiuc-focal-lab/Syndicate

1 Introduction

Termination analysis is a key challenge in program verification, used in systems
verification [9] and software model checking [20]. Existing approaches include
reduction orders, recurrent sets, and fixpoint logic solving [11,14,17,22]. A widely
used technique, and the focus of this work, is to prove termination by synthesizing
ranking functions, which, for all reachable program states, are bounded below
and strictly decrease with every program iteration. Since computing the exact set
of reachable states is undecidable, loop invariants are used to over-approximate
them. Thus, termination proofs require finding two unknowns: a ranking function
and a loop invariant to prove the ranking function valid.

The appendix is available at https://arxiv.org/abs/2404.05951.

© The Author(s) 2026
R. Krebbers (Ed.): ESOP 2026, LNCS 16502, pp. 181-209, 2026 .
https://doi.org/10.1007/978-3-032-22723-2_7


https://github.com/uiuc-focal-lab/Syndicate
https://arxiv.org/abs/2404.05951
http://crossmark.crossref.org/dialog/?doi=https://doi.org/10.1007/978-3-032-22723-2_7&domain=pdf
https://doi.org/10.1007/978-3-032-22723-2_7
https://etaps.org/about/artifact-badges/
https://etaps.org/about/artifact-badges/

182 Y. Sarita, A. Singh, S. Gomber, G. Singh, and M. Vishwanathan

In the context of classical property-guided synthesis [25,4], synthesizing both
a ranking function and an invariant is challenging because when synthesizing
either component, the other, which serves as its target property, is unavailable.
For example, while synthesizing an invariant, without the ranking function, we
cannot assess its effectiveness in proving termination. Similarly, synthesizing
a ranking function without the supporting invariant is equally difficult. Thus,
jointly finding both to prove termination poses the following challenges.

Challenge 1: Dual Search. At a high level, existing approaches address
the dual search of ranking functions and invariants through one of the follow-
ing strategies: (1) Methods like [10,17,14] synthesize the invariants and ranking
functions independently, where the invariant synthesis does not know the current
state of the ranking function search and vice versa. Due to the independence of
the searches, these techniques frequently spend a significant amount of time dis-
covering invariants that are either not useful to prove termination or are stronger
than necessary. (2) Techniques like [9,24,7,27] use their current set of candidate
ranking functions to guide a reachability analysis procedure. However, this pro-
cedure uses an external temporal safety checker, so insights gained during one
call to the safety checker cannot be used to guide the ranking function generation
procedure or future calls to the safety checker. (3) Methods such as [23,22,16]
formulate both searches as a composite query. These techniques pose the syn-
thesis of ranking functions and an over-approximation of the reachable states as
the task of verifying the satisfiability of a combined formula. This couples both
searches tightly, making the search space for the combined query significantly
large, being a product of the individual search spaces.

Challenge 2: Efficiency & Completeness. Achieving efficiency and com-
pleteness while handling a wide variety of ranking functions and invariants is a
significant challenge. While enumerating all possible candidate ranking functions
and invariants can trivially ensure completeness, it often leads to prohibitively
large runtimes, making such approaches impractical for real-world applications.
Many existing techniques focus on specific classes of ranking functions [28,20,5],
such as linear or polyhedral ones, providing completeness guarantees. However,
this limits the kind of programs and ranking functions they can handle. While
some methods offer completeness for a broader set of ranking functions [23,22],
they still do not provide theoretical guarantees for efficient performance. Striking
the right balance between efficiency and completeness while handling complex
programs and ranking functions is a challenge in termination analysis.

Key Idea: Bidirectional Decompositional Search (BDS). The synthe-
sis of ranking functions and invariants cannot be fully agnostic, as they depend
on each other; yet encoding them together as a monolithic query is computation-
ally expensive. Bidirectional Decompositional Search offers a principled middle
ground, keeping the two searches decomposed yet allowing them to mutually
evolve through continuous exchange of bidirectional feedback: (1) Counterexam-
ples to the ranking function validation check that are not reachable program
states can guide the invariant synthesizer to generate invariants that exclude
these counterexamples. On the other hand, when the counterexamples are reach-
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able and no invariant can exclude them, this search for possible invariants aids
in discovering new conclusively reachable program states. (2) Provably reachable
counterexamples found by an invariant synthesizer can guide the ranking func-
tion synthesizer to ensure that future potential ranking functions are bounded
and reducing on these counterexamples. Together, (1) and (2) allow the two
synthesis routines to interact synergistically through bidirectional feedback, en-
abling an efficient search for a ranking function and invariant just strong enough
to prove termination. This approach remains efficient by maintaining smaller
search spaces while leveraging feedback for faster convergence toward a termi-
nation proof. For programs with multiple loops, bidirectional feedback is even
more crucial. Termination proofs across loops cannot be searched independently
without losing precision, nor combined into a single query without incurring an
intractable search space. In nested loops, the outer invariant over-approximates
the initial states of the inner loop, while the inner invariant constrains the
outer loop’s body. Coordinating the searches for ranking functions and invariants
across all loops through BDS leads to more efficient termination analysis.

Our framework: SYNDICATE. Based on our key idea, we introduce a
general framework, SYNDICATE, that enables the synergistic synthesis of ranking
functions and invariants for efficient termination analysis. It is parameterized by
sets of possible invariants, Z, and ranking functions, F, and can be instantiated
with different choices to obtain different termination analyses. For each loop,
counterexamples from the invariant search guide the ranking function search,
and counterexamples from the ranking function search guide the invariant search.
Further, the invariant and ranking function searches for each loop are guided by
the analyses of the other loops in the program. Based on the choices for Z and F,
SYNDICATE is relatively complete, meaning that if complete procedures exist for
the template-specific functions in our framework, then SYNDICATE will either
find a ranking function and an invariant within their respective templates to
prove termination or will terminate, indicating that no such ranking function
and invariant can be found. We show that SYNDICATE achieves this guarantee
with greater efficiency than other approaches that lack completeness guarantees.

Main Contributions:

— We introduce the novel concept of Bidirectional Decompositional Search
(BDS), a principled framework that decomposes ranking-function and in-
variant synthesis into interdependent subproblems that exchange informa-
tion through bidirectional feedback to enable efficient termination proofs.

— We present SYNDICATE, a general termination analysis framework that in-
stantiates BDS and supports diverse templates for ranking functions and
invariants, handling complex programs with nested and sequential loops,
disjunctive conditionals, and non-linear statements.

— We establish an additive upper bound on the number of iterations in terms
of the lattice depths of invariants and ranking functions, while guaranteeing
relative completeness for a subset of templates (§ 4.3).

— We evaluate SYNDICATE on challenging benchmarks [2,12,10] (§ 6). By using
BDS, SYNDICATE matches or surpasses state-of-the-art termination tools,
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including those that employ SMT-level optimizations or techniques beyond
ranking function synthesis [10,11,17,14,3]. It even proves the termination of
some benchmarks that none of these advanced tools can prove.

2 Overview

Consider a loop program L = while(S) do P; od within a program P. Let
R denote the set of reachable states at the loop entry and [P1] the transition
relation capturing the semantics of the loop body, which may itself contain loops.
A function f is a valid ranking function for L with respect to R and [P4] if it
is bounded for all states in R and strictly decreases for all transitions in [P],
ie,VseR: f(s) >eand V(s,s') € [P1] : f(s) — f(s') > 4. In this work, we set
e =0, 6 = 1, though this can be generalized (Lemma 3, Appendix B).
Algorithm State. At each step of our algorithm, we maintain a state
represented by a tuple (¢,A|). The first component, ¢, is a set of pairs of states
at the start and end of the loop body, serving as an under-approximation of the
reachable states R and the loop body transition relation, i.e., dom(t) € R and
t C [P1]. The second component, AL, stores the program along with invariants,
[, for each loop, which provides an over-approximation of the reachable states
and transition relations, i.e., R C | and [P1] C | x (IN [-8]). The set ¢ can
be initialized as an empty set or by executing the program on random inputs,
while loop invariants are initialized to the trivial invariant, S (the set of all
states, i.e., lyyue). We define AL = | @ while() do A; od as the annotated
program corresponding to L. The semantics of L can be over-approximated by
the annotated invariants in Ar, denoted by [AL] (formally defined in § 3).
SYNDICATE Framework. We introduce SYNDICATE (Fig. 1), based on
Bidirectional Decompositional Search (BDS) that interleaves Generate and Re-
fine phases connected through bidirectional feedback. The Generate phase pro-
poses a candidate ranking function, while the Refine phase refines the analysis
state to better approximate the reachable states R and loop transition relation
[P1]. The Refine phase iteratively generates and checks new candidate invariants,
but is different from typical counterexample guided synthesis because instead of
running until a target property is proved, the refine phase guides the search for
the target property, the ranking function. More concretely, after generating a
candidate ranking function f in the Generate phase, if f is invalid, a counterex-
ample p is obtained. SYNDICATE then invokes the Refine phase to generate and
check new invariants, determining whether p is reachable and discovering other
reachable states ¢ in the process. If p is unreachable, | is refined to exclude it,
while ¢ still guides the next ranking function search. If p is reachable, both p
and ¢ guide the next Generate phase. Thus, the ranking function and invariant
searches iteratively guide each other toward a termination proof. SYNDICATE is
parameterized by Z, the set of invariants, and F, the set of ranking functions. A
counterexample s is deemed reachable when no valid invariant in Z excludes it.

2.1 SYNDICATE Through an Example
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Fig. 1: For a single loop, we maintain r,| as canonical representations of ¢, A_
respectively. First, we use the set r to generate a candidate ranking function
and then use the invariant | to check the validity. If we get a counterexample p,
we try to refine the invariant | to exclude p. If p is not reachable, the invariant
is refined successfully to I’ (green arrow). Otherwise (red arrow), we add p to
the set r. In both cases, the reachable states discovered while trying to refine |
(denoted by ¢), are also added to the set r.

We demonstrate the behavior of SYNDICATE on a terminating program with
a single loop, shown in Fig. 2. To simplify the presentation, we represent the
analysis state as (r, ) rather than (¢, A_), where r denotes the loop-entry states
and | the loop invariant. For a single loop, this representation is sufficient.

A ranking function for this loop is max(n —m + 1,0) + max(1 —m — y,0)
because for all reachable states, either n —m + 1 is reducing and 1 —m — y stays
constant or n —m+ 1 stays constant and 1 —m —y reduces from 1 to 0. However,
we need an invariant | = y + 1 = z to prove its validity (Fig. 3). We refer to the
program in Fig. 2 as P, and the loop-body (lines 4-6) as P;.

We generate random traces of the program and randomly initialize r with pro-
gram states that are reachable at the loop head. Here, r = {(1,2,3,4),(2,2,3,4)},
where a program state is a tuple (m,y, z,n). | is initialized with the set of all
states, i.e., | = true. SYNDICATE can handle other types of ranking functions
and invariants, but for this example, let F, the set of candidate ranking func-
tions, be functions of the form max(ao + 3_; a;z;,0) + max(by + _; bjz;,0)
and Z, the set of possible invariants, be conjunctions of constraints of the form
do +3;djzj > 0, where aj,b;,d; € Z. hj find a valid ranking function and the
corresponding invariant using separate queries while exchanging key information
between the two searches, enabling an efficient termination analysis. The steps
for our running example are explained below and also displayed in Table 1.

Iteration 1. Generate Phase. SYNDICATE begins by synthesizing a candidate
ranking function f that decreases for all states in . We solve for coefficients a;, b;
in the query below, where f € F. Since all functions in F are bounded by 0, the
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Fig. 2: Example terminating  Fig. 3: Value of Ranking function at the end of
program one iteration

boundedness condition need not be checked:

V(m,y, Zvn) enr- (f(m7y7 Zy Tl) - f([[P1]](m,y, Z)”)) 2 1)
We obtain f(m,y, z,n) = max(n—m+1,0) and check its validity w.r.t. | = true:

Y(m,y,z,n) - (m+y>0)A(m<n))
= (f(m.y,2,n) = f([P1](m.y,2,n)) > 1),

where the guard (m +y > 0) A (m < n) comes from the loop condition. This
yields a counterexample p; = (1, —1,2,4).

Refine Phase. The algorithm now analyzes the counterexample p; to deter-
mine its reachability. There are two possibilities: if p; is reachable, the current
ranking function is invalid; otherwise, the invariant must be strengthened to
exclude p;. To determine this, the algorithm proceeds through two subphases:
invariant generation and invariant checking.

In the invariant generation subphase, the algorithm searches for a candidate

I that includes all states in r but excludes p;, solving for coefficients d;:

(17717 274) ¢ Il/ /\ v(m7 y7 Z7n) E T (m7 y’ Z?”) 6 IH'

Solving yields I : y — 2+ 1 > 0, and we set I’ = | Al”. Next, in the invariant
checking subphase, I is verified against the initialization set Init = {(m,y, z,n) |
(y =n) A (z =n+ 1)}, where Init to refer to the initial states of the loop:

Vselnit:sel' N Vsel :[Pi]sel.

No counterexample is found, confirming I’ as valid, and that p; is unreachable.
The algorithm updates | to I’, which is stored and reused in later iterations. Un-
like prior tools [17,9,24] that invoke external solvers independently, SYNDICATE
retains learned invariants across iterations, improving efficiency and convergence.

Iteration 2. As r remains unchanged, we check the validity of f with respect
to the new invariant without generating a new ranking function. This check
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T | f cex

1 {(1,2,3,4),(2,2,3,4) true max(n —m,0) (1,—1,2,4)

2 (1»273’4)»(27273»4) y+1 2 z maX(n_m’O) (17_17_171)

3 {(1’2’3’4)’((12’12’23’543)}: (y+1>22)AN(y+1<2) max(n —m+1,0) (1,-1,0,4)
{(172:3’4)7(2927374)9 _ _ max(nfm+1,0)-|—

4 (1717271)7(17_1707 )} (yZZ l)A(ySZ 1) max(l—m—y,O) )

Table 1: Steps in proof of termination by SYNDICATE for the program in Fig. 2

produces a new counterexample ps = (1,—1,—1,1). In the invariant generation
subphase, the algorithm attempts to strengthen the invariant y+1 > z to exclude
p2, guided by both py and the states in r. This process yields the candidate
invariant m — n — 1 > 0. In the subsequent checking subphase, the candidate is
found invalid and produces a reachable counterexample g3 = (1,1,2,1) € Init.
Since ¢4 is reachable, it is added to 7, improving the under-approximation of
reachable states. ¢3 satisfies m = n, a property absent in the previous elements of
r. This observation later guides the generation of ranking functions that reduce
on states where m = n. Because the new invariant is invalid, the algorithm
returns to invariant generation with the additional constraint that all candidate
invariants must include ¢3. After further iterations, the refined invariant | =
(y+1>2)A(y+1<z)is obtained that successfully excludes ps.

Iteration 3. As r has changed, we synthesize a new f = max(n —m+1,0).
Checking against the current invariant produces ps = (1,—1,0,4). Since no
invariant in our template can exclude ps3, it must be reachable; we add it to r.

Iteration 4. With the updated r, SYNDICATE synthesizes f = max(n —m +
1,0) + max(1 —m — y,0), which decreases for all states in r and the states that
satisfy the invariant (y +1 > z) A (y + 1 < z). The validity check succeeds, and
this f is returned as the final ranking function proving termination.

BDS vs. Existing Methods. In iterations 1-2, counterexamples from
ranking-function checks guide the search for stronger invariants, while in it-
erations 2-3, counterexamples from invariant checks guide the synthesis of valid
ranking functions. This bidirectional feedback, central to the BDS principle, en-
ables SYNDICATE to efficiently coordinate the two searches. Methods that rely
on only one direction of feedback, such as passing the current ranking-function
counterexample as a trace to an external safety checker [24,9,7], fail to reuse pre-
viously discovered reachable counterexamples or the prior state of the invariant
search, making each call independent and redundant. In contrast, SYNDICATE
leverages (p,p’), t, and previously learned invariants to navigate the search space
effectively. To the best of our knowledge, no existing technique exploits interme-
diate counterexamples obtained during invariant search, such as ¢3, to inform
ranking-function synthesis. Fully combined approaches [3,23,22] must explore
the product of the ranking-function and invariant search spaces, whereas SYNDI-
CATE explores only their sum, yielding a smaller theoretical upper bound on the
number of iterations (§ 4.3). As in § 6, SYNDICATE can prove more benchmarks
terminating in less time than both unidirectional and fully coupled strategies.
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2.2 Nested Loops

For nested loops, we have to store ¢, which contains pairs of states and serves
as an under-approximation of the transition relation of the loop. Consider the
program P in Fig. 4. P; is the inner loop (lines 3-7), 5, and §; are the loop guards
at lines 2 and 3 respectively. Given a program state s before executing the inner
loop body, we cannot compute the state s’ just before line 8 because [P;] is also
unknown. So, we use an invariant |; to over-approximate [P;]. Similarly, we use
an invariant |, for the outer loop. Note that the initial set for |; depends on I,.
Conversely, |, depends on [P;] which is approximated using ;. So, the invariants
corresponding to all the loops in a program depend on each other. Here, we
represent our algorithm state as (¢, (I,, ;)).
We use the same templates F and 7
for both loops, although this is not re-
Y =1; z = nt; quired by our algorithm. Both invariants
while (y+n+1 >= ktk+z && y == are initialized as true, i.e., |, = |; = true.
z+1){ Using this, we compute the initial set for
vhile (mty >= 0 && m <= m{  the inner loop as Init; = l, N [B,] =

pony {my.zm) | (+n+1> K +2)A
. = O gl (y = z+ 1)}, and for the outer loop as
" ¥ Init, = {(m,y,z,n) | (y = n) A (z =
: yres zHt; n--; n + 1)}. We start by analyzing the inner

loop. Since its body is the same as the
single-loop program in Fig. 2 and Init;
is a subset of the corresponding Init, we
can reuse the same iterations to obtain
fi = max(n—m+1,0)+max(l—m—y,0), l; = (y+1 = 2), and |, = true. Next,
SYNDICATE analyzes the outer loop. Similar to the single-loop case, we generate
a candidate ranking function f. However, since the outer loop body contains
a nested loop, we cannot symbolically execute it to obtain the state after one
iteration. Instead, we introduce fresh variables "/ = (m”,y", 2", n" k") to rep-
resent, the program state immediately after the inner loop terminates, assuming
z" € l; A =B;. The ranking function validation query is defined as:

Fig. 4: Nested loop program

Io(m’ y7 Z7 n’ k) /\ /80(m7 y7 Z’ n7 k) /\ (f(m7 y’ Z, n7 k) - f(m/’ y/’ Z/7 n/7 k/) < 1)
AN |i(CL'N) A\ ﬁﬁi(a:”),

where m' =m", vy =y" +1, 2 =2"+1,n =n" -1, ¥ =k".

We then refine the algorithm state. The validation query yields a counterexample
(p,p",p"), where p and p’ denote the states at the start and end of one iteration of
the outer loop, and p” is the state at the exit of the inner loop. The refine phase
can either (a) refine |, to exclude p or (b) refine |; to exclude p”. If at least one
invariant is refined, we recheck the ranking function; otherwise, we add (p,p’)
to t. When refining an invariant, SYNDICATE iteratively performs the Generate
and Check Invariant sub-phases. If a conclusively reachable state is discovered
(e.g., a state in Init,), it is reused to guide future ranking function synthesis.
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[ (o, 1) f p,p’

1 {((((22,"22,’33,’54,’11)),’ ((66,’87,"9%7(3’11)))? (true,y+1=2)  max(n—k,0) (1,2,4,5,5),(7,2,3,5,5)
L 1(22,3.4.0),(6,7.8,0,1)),
((2,2,3,5,1),(6,8,9,0,1))}

(y+1>zy+1=2) max(n — k,0) (1,2,2,5,5),(8,3,4,5,5)

(W+122)A(y+1<2),y+1=2)  max(n—k0)(1,23,55),(7,5,6,5,5)

{((2,2,3,4,1),(6,7,8,0, 1)),
4 ((2,2,3,5,1),(6,8,9,0,1)), (y>z—1A(y<z—-1),y+1=2) max(n—k+1,0) -
((1,2,3,5,5),(7,5,6,5,5))}

If one invariant cannot be refined, the algorithm attempts to refine the other.
Table 2 summarizes the steps for discovering the outer loop’s ranking function.
In § 4 and § 5, we generalize this procedure to nested loops of arbitrary depth.

2.3 Theoretical Guarantees

While SYNDICATE can be soundly instantiated with various templates, in § 4,
we establish both relative completeness and efficiency guarantees if the template
for ranking functions consists of a finite set of possibilities and the template for
invariants is closed under intersection and does not have an infinite descending
chain (with respect to the partial order defined in § 4). We further prove that
even with a countably infinite ranking function template, SYNDICATE will be
able to find a proof of termination if it exists within the templates.

SYNDICATE’s bidirectional feedback improves efficiency by simultaneously
guiding the search for ranking functions and invariants. Using a meet semilat-
tice structure, we show that the worst-case bound for SYNDICATE is the sum
of the depths of the ranking function and invariant lattices, a significant im-
provement over naive feedback methods, which would have a worst-case bound
of the product of the size of the individual lattices. This improvement can be
attributed to the synergy between the ranking function and invariant synthesis.
The worst-case runtime analysis, detailed in § 4.3, shows that SYNDICATE main-
tains efficiency while providing theoretical guarantees that are not provided by
state-of-the-art algorithms [10,17,14,11,3].

3 Annotated Programs

We illustrate our approach using programs written in a simple while-language:
P:u=skip | z e | P;P | if 3 then P else P | while 8 do P od.

Here, x denotes a program variable, e an arithmetic expression, and § a Boolean
condition. We write P, P1, ... for programs, a, a1, ... for loop-free programs, and
L,Lq,... for loops of the form while 8 do P od. A program state s assigns val-
ues to all variables of P, and Sp denotes the set of all such states. The semantics
of a program, written [P] C Sp x Sp, is the transition relation describing how
execution transforms one state into another.As discussed in § 2.2, invariants
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approximate reachable states for loops as well as initial states for nested or se-
quential loops. To capture this formally, we define annotated programs, where
each loop is paired with an inductive invariant. These annotated programs are
then used to define the validity of ranking functions and to introduce a partial
order and a meet operation over annotated programs. Using these definitions,
in § 4.3, we ensure that SYNDICATE refines the algorithm state in each iteration
and is complete even for arbitrarily nested loops. Let Z C 2° be a collection of
invariants closed under intersection. Annotated programs are defined as follows:

A:u=skip | x4+e | AJA | if § then A else A | |@Quhile 8 do A od

We use A, Ay, ... to denote annotated programs. For an annotated program
A, its underlying program is obtained by removing all loop annotations, written
as C(A) (Definition 4, Appendix A). For a program P, the set of all annotated
versions is A(P) = {A|C(A) = P}. We write AL for the annotated subprogram of
A corresponding to a loop L. An annotated program A is correct with respect to
initial states Init, written Init = A, if all annotations are inductive invariants:

Init = a £ true
Init = if B then A; else A, (InitN[B] = A1) A(InitN [-0] E Az)
Init = Ay Ay = (Init = A)) A (Inito [A] = Ay)
Init =1 @Qwhile B do A; od = (Init C)A(INB]) o [A] C1x1)
A(INB] = Ar)

Next, we define the semantics of an annotated program A. We assume stan-
dard semantics for expressions and Boolean conditions: [a] denotes the transi-
tion semantics of a loop-free program, and [S5] C S the semantics of a Boolean
expression. The semantics of annotated programs are defined inductively as:

[o] = [e]
[[if B then A; else AQH £ Id[[,g]] o [[Alﬂ U Id[[ﬁ,@]] o [[Ag]],

[A1:Az] £ [Ad] o [As],
[l@while B do A; od] £ 1 x (IN[=4]).

>

(1>

The key difference from unannotated semantics lies in the loop case: | over-
approximates the reachable states at the loop head (R C |). We can now reason
about when a ranking function proves termination of an annotated while-loop.
Given an initial set of states, Init C S, a while-loop with loop guard 8 termi-
nates if for every state s € Init, there is a finite sequence of transitions starting
from s and ending in s, such that the s’ € [-4].

Definition 1 (Correctness of a Ranking Function). Let Init C S be a
set of initial program states and f : S — R be a candidate ranking func-
tion. We say that f establishes the termination of annotated program AL =
| Quwhile B do A od from initial states Init, i.e., Init = AL, f if
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— The annotations of AL are correct with respect to Init, i.e., Init = AL, and

— For all (s,5') € idinggp o [A], f(s) >0 and f(s) — f(s') > 1

If we can prove the correctness of a ranking function for every loop in an
annotated program, then we have proven that the entire annotated program
terminates. Since the invariants in an annotated program over-approximate the
reachable states at each loop head, proving termination for the annotated pro-
gram implies termination of the underlying program. In Definition 1, the ranking
function f is required to be non-negative and decrease by at least 1 in each it-
eration. This can be generalized to arbitrary ¢,0 > 0 (Lemma 3, Appendix B).

To reason about the completeness of SYNDICATE for arbitrarily nested loops,
we define a partial order (=) and a meet operation (A) over annotated programs.
For A1,As € A(P), Ay < Ay holds if, for each loop in P, the invariant in A, is
contained in that of A; (formal definition in Appendix A). The meet A; A Ag
annotates each loop with the intersection of their respective invariants. These
notions yield the following result (proof in Appendix B):

Proposition 1. Let Aj,As € A(P) be two annotated programs.

1. If Init = Ay and Init = Ay, then Init = Ay A Asg.
2. If Init = Ay, f, Init |E Ag, and A < Ay, then Init = Ag, f.

4 Syndicate Framework

The SYNDICATE framework leverages Bidirectional Decompositional Search to
enable bidirectional synergy between ranking-function and invariant synthesis,
allowing each to efficiently guide the other. SYNDICATE can be instantiated with
templates that define the sets of possible ranking functions (F) and invariants
(Z), allowing each loop in a program to use a different template. We assume the
set of all program states (lyye) is in Z, and that Z is closed under intersection,
ie., if l1,ls € Z, then I Nly € Z. Given a terminating program P, the goal is to
synthesize ranking functions from F and invariants from Z that together prove
the termination of every loop in P. To achieve this, we propose an algorithm
parameterized by four sub-procedures: getCandidate, check, getCex, and refine.
These sub-procedures can be instantiated using any implementation suited to
the use case, as long as they adhere to the semantics in § 4.2. § 5 presents concrete
instantiations satisfying these semantics, and § 4.3 establishes the algorithm’s
relative completeness and efficiency guarantees.

4.1 Algorithm State

Consider a scenario where SYNDICATE attempts to prove the termination of
a loop L = while 8 do P; od within a program P, given initial states Init.
SYNDICATE maintains an algorithm state used to generate and verify candidate
ranking functions, refining it iteratively until convergence. This state consists of:
(1) an annotated program A € A(P) such that Init |= A, initialized by labeling
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each loop in P with S (the set of all program states); and (2) a finite set t C .Sx S
such that for any correct annotation A’ of P, t C idyrygp o [A'[P1]], where I is the
annotation of L in A’. The set t can be initialized by executing P on randomly
chosen states from Init and collecting execution traces. Since each (s, s’) €t lies
in the semantics of Py, it can be used to infer a candidate ranking function from
I, F) £ {f € F|V(s,8) €t, f(s) >0A f(s)—f(s') > 1}, the set of functions
that are bounded and strictly decreasing over t. The annotated program is then
used to check the validity of these candidate ranking functions.

Refinement of the Algorithm State. Checking
the correctness of f may lead to at least one of the fol-
lowing cases. (1) The identification of additional pairs
of states (s;,s;) ¢ t over which every valid ranking
function must decrease. We add these newly discov-
ered pairs to the algorithm state, i.e., t' < tU{(s;, )}
As a consequence, II(t',F) C II(t,F). (2) The re-
finement of the annotated program to A’ such that
A’ < A. Thus, the algorithm progresses either by elim- Fig.5: Assume that A*
inating additional potential ranking functions or con-  can prove the validity of
structing a more precise model for the semantics of f Since A’ < A, A can
the program by a progressive refinement of the an- pe refined to A’, which
notations of P. Note that in our algorithm, the new can also prove the valid-
annotation A’ is always < A. An interesting and im- ity of f.
portant observation at this point, described formally
in Lemma 1, is that if there exists an annotated program A* which can prove
the validity of a ranking function f, then there also exists an annotated program
A’ < A, which can prove f valid (Fig. 5). This implies that when we refine the
program’s annotations, although we narrow down the space of all possible an-
notations, this does not eliminate the possibility of verifying the validity of any
correct ranking function. This fact allows SYNDICATE to descend the semi-lattice
using any path and still make progress towards finding an annotated program
with invariants that prove the validity of a ranking function. This is crucial in
SYNDICATE’s correctness and efficiency.

Lemma 1. Let A,A* € A(P) and f be a ranking function. If Init = A and
Init = A, f then 3N < A and Init = A, f.

Proof. Let A’ = AAA*. Then A’ < A, and by Proposition 1, Init = A’, f.

4.2 Parameterized Algorithm

SYNDICATE (Algorithm 1) iteratively synthesizes a candidate ranking function
and refines the algorithm state whenever the candidate is invalid. For programs
with multiple loops, Algorithm 1 may be applied independently to each loop, in
any order, to establish termination of the entire program. The algorithm is pa-
rameterized by four sub-procedures—getCandidate, check, getCex, and refine—
as well as by templates for ranking functions (F) and invariants (7).

We require the following soundness conditions for the sub-procedures.
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Definition 2 (Soundness of Sub-procedures). The sub-procedures check,
getCandidate, and getCez are sound if they satisfy the following:

— check returns true if and only if Init = A, f holds for the given ranking
function f.

— getCandidate returns a ranking function in II(t, F) whenever this set is non-
empty, and returns false otherwise.

— Whenever check returns false, getCez returns a counterexample satisfying
conditions (i)—(iii) above.

The procedure getCandidate
(line 5) searches the space
II(t, F) for a ranking function 1= procedure FIND_RANKING(t, A)
compatible with the current al- 2~ refined < false
gorithm state. If such a func- while true do

3
tion exists, getCandidate returns 4 if ~refined then .
. ) ) 5: gen, f + getCandidate(t, F)
one; otherwise, it reports fail- 6:
7
8

Algorithm 1 SYNDICATE

. . . if —gen then
ure. Given a candidate ranking

- return false
function f, the procedure check if check(f,A) then

(line 8) verifies whether f is o return true, f

valid with respect to the ini- {q. (p,p) + getCex(f,A)

tial states and the current an- 11: refined, At + refine(A, (p,p),t,I)
notations, i.e., whether Init = 12 if —refined then

A, f. If this check fails, getCex 13: t+tU{(p,p)}

(line 10) produces a counterex-
ample witnessing the failure.

A counterexample is a pair of states (p, p’) such that (i) (p,p’) € [A[P1]], (ii)
p € IN[B], where | is the invariant labeling L in A, and (iii) the ranking condition
is violated, i.e., either f(p) < 0 or f(p) — f(p’) < 1. The counterexample is then
used by refine to strengthen the algorithm state.

We now discuss the more involved refine sub-procedure in detail.

Refinement using refine. If f is not a valid ranking function for L then
we get a counterexample (p,p’) (line 10). This counterexample is then used to
refine the program state (line 11). When Py is loop-free, the counterexample can
be used in one of two ways: (1) The invariants in A are refined so that p is not
an entry state of loop L or (p,p’) is not in the semantics of the body Py, or (2)
a new ranking function is synthesized that behaves correctly on the pair (p,p’).

When P; has loops, we define a sequence of states, (po,p1,- ,pn) where
po =p, pp = p and pi,---,p,_1 are states occurring at the heads of the loops
within P;. We then try to refine the invariants to eliminate this sequence of states
from the semantics of P;. Importantly, even if this refinement does not eliminate
the original counterexample (p,p’), it still makes progress by strengthening the
invariant of at least one inner loop, thereby refining the algorithm state.

In both the case of loop-free body and body containing inner loops, the
counterexample (p,p’) is used to guide the refinement of A, demonstrating the
first direction of feedback: ranking function search guiding invariant(s) search.

Thus, the crucial property required for the soundness of refine is as follows:
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Definition 3 (Soundness of refine). The procedure refine is sound if, for ev-
ery annotated program A, counterezample (p,p’), parameter set t, and invariant
template Z, the following conditions hold:
1. If refine(A, (p,p'),t,I) returns (true, A’,t"), then A’ < A and Init = A’.
2. If refine(A, (p,p’),t,Z) returns (false, A’,t'), then A" = A and, for every
annotated program A" such that Init = A" and A" < A, it holds that (p,p’) €
idivngsp © [A”[P1]] where 1" is the invariant labeling L in A”.

Implementing refine to satisfy these properties requires searching through
the space of possible annotated programs, for example, using a CEGIS loop.
As we will explain in § 5.1, this involves generating candidate invariants that
exclude (p,p’) and then checking their validity. While checking the validity of
the generated invariants, refine can discover new reachable states and update
t to t/, including these states. Consequently, ¢ C ¢’ C [P;] and dom(¢') C R.
These newly discovered states in t’ can then guide the ranking function search
towards potentially correct ranking functions, demonstrating the second direction
of feedback: invariant search guiding ranking function search.

Note that if refine is unable to refine (returns false), then by the definition of
refine, for every A” < A, (p,p’) is in the semantics of the loop L captured by A”.
The following lemma lifts this to all possible valid A” and proves that if refine
returns false, it means that (p,p’) is in the semantics of the loop L captured by
all valid annotated programs (not limited to < A). So, we add (p,p’) to t to get
a new set that continues to satisfy the property that we required of t.

Lemma 2. Suppose refine(A, (p,p’),t,Z) returns (false, A,t'). Consider any an-
notated program A’ € A(P) such that Init = A’. Let I be the annotation of L in
A", Then (p,p’) € idyqggp o [A'[P1]]-

Proof. Suppose the claim is not true, i.e., for some correct annotated program
A (p,p") & idiagep © [A'[P1]]. Consider the program A; = AAA" <X A As
Init E A and Init = A, it follows from Proposition 1 that Init = A;. Also, as
(p,p") & idyagsp o [A'[P1]] and Ay < A’, it follows from lemma 8 that (p,p’) &
idi, ngsp©[A1[P1]]. So, refine can not return false as there is a correctly annotated
program A; < A which does not contain (p, p’), leading to a contradiction.

In nutshell, by processing counterexample (p,p’), SYNDICATE always pro-
gresses. There are two cases to consider. If refine returns true then we have a new
correct annotated program A’ that refines A. On the other hand, if refine returns
false then we have new set tney with the property that IT(tnew, F) C II(t,F).
This is because f € IT(t,F) \ II (thew, F) since f is not a valid ranking function
for the pair (p,p’). Thus, in this case IT (thew, F) becomes smaller.

4.3 Soundness, Completeness, and Efficiency of SYNDICATE

Achieving efficiency or completeness independently in termination analysis is
relatively straightforward, and many techniques exhibit either one. However,
combining these properties, along with soundness, into a single framework is a
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challenge. While sound and complete algorithms can be devised by exhaustively
exploring the search space, they tend to be inefficient due to the vast number of
possibilities they need to explore. On the other hand, algorithms optimized for
efficiency may sacrifice completeness or soundness by limiting the search space
or relying on heuristics, potentially overlooking valid termination proofs. One of
the contributions of this work is that SYNDICATE achieves all three properties
by employing a bidirectional feedback mechanism. Algorithm 1 can be shown to
be sound for proving the termination of loop L of P when instantiated with any
ranking function and invariant templates if the four sub-procedures are sound
using the Definitions 2, 3. In this context, soundness means that if our algorithm
succeeds and returns a ranking function f from F, then there exists an annotated
program, A, using invariants in Z such that Init = A, f.

Theorem 1 (Soundness). Suppose there exist sound procedures for the func-
tions getCandidate, check, getCez, and refine that satisfy the properties defined
in § 4.2. Then if Algorithm 1 return (true, f), there exists A using invariants
from T such that Init = A, f.

Proof (Sketch). By the soundness of refine, the program state A remains correct
(Init = A). Together with the soundness of check(f, A), this guarantees that any
ranking function returned by the algorithm is correct.

Algorithm 1 can also be shown to be complete for a subset of the possible
ranking function and invariant templates, meaning that if there is a function
f € F and an annotated program, A, using invariants from Z such that f can
be proved valid using A, then Algorithm 1 will prove termination, and if there
does not exist such an f and A, then Algorithm 1 will terminate concluding
that no ranking function and invariant can be found within the templates. The
completeness of Algorithm 1 depends on the completeness of the subprocedures.
So, we refer to it as relative completeness. By completeness of the subprocedures,
we mean that each subprocedure must terminate and succeed whenever a valid
answer exists: e.g., if a counterexample exists in the current iteration, getCex
will find it; if a refinement is possible, refine will produce it.

Theorem 2 (Relative Completeness). Suppose sound and complete proce-
dures exist for getCandidate, check, getCez, and refine, specified in § 4.2. As-
sume F is finite, and T is closed under intersection with no infinite descending
chains (under subset ordering). If there exist f € F and A over T such that
Init = A, f, then Algorithm 1 returns (true, f'); otherwise, it returns false.

Proof (Sketch). Suppose there is a ranking function f* and an annotated pro-
gram A* such that A* is a correct annotation of P and f* is a valid ranking
function that proves the termination of L. Let (A,t) be the state of the algo-
rithm at any point. Observe that because of the property that the algorithm
maintains of t, we have f* € I1(t, F). By Lemma 1 there is a correct annotated
program A’(= AAA*) < A such that f* proves the termination of L in A’. Finally,
the assumptions on Z and F mean that II(t, ) and A |= {A’|A’ < A} are both
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finite sets and hence there can only be finitely many steps of refinement. Thus
Algorithm 1 will terminate with the right answer.

Ensuring Efficiency with Completeness. SYNDICATE’s bidirectional feed-
back ensures efficiency, even in instantiations that have the completeness guar-
antees stated above. Consider a meet semilattice (L £, <, A) induced by F where
each element is a set of ranking functions from F and =<, A are defined by the
set operations C,N. In each refinement step, we either (1) add a pair of states
to t creating t,.., which decreases the size of the set of ranking functions IT
determined by the algorithm’s state, as IT(tpew, F) C II(t, F). The number of
times this refinement can be performed is bounded by the depth of the semilat-
tice Lx, or (2) we refine the current annotation A to A’, where A’ < A. This is
bounded by the depth of the meet semilattice for the annotated programs La.
This bounds the number of iterations of our algorithm to depth(Lz)+depth(La).

This worst-case bound is much better than an unguided search for invariants
and ranking functions. A naive termination algorithm that searches for invariants
and ranking functions independently would realize a worst-case bound of |[£x| X
|Lal, where |- | represents the number of elements in the lattice. Even a strategy
that ensures refinement, a downward movement in the respective lattices, at each
step of the algorithm, would have a worst-case bound of depth(Lz) x depth(La).
Thus, we argue that SYNDICATE’s synergistic synthesis for invariants and ranking
functions has significant merit in improving runtimes.

Infinite Ranking Function Templates. While the size of ranking function
templates that satisfy the assumptions of Theorem 2 can be very large, it may
be useful to consider infinite sets of ranking functions. When given an infinite,
recursively enumerable ranking function template, if the assumptions about the
sub-procedures and the invariant template from Theorem 2 hold, we can still
ensure that SYNDICATE can find a proof of termination if such a ranking function
and invariants exist in their respective templates. For example, if F is the set of
all linear ranking functions with integer coefficients, we can define a sequence of
finite sets such that for all f € F, f is in at least one of the finite sets. In this
case, we can define sets F19, F100 F1000 ... where F" refers to the subset of
F where the absolute value of each coefficient is bounded by n. Each of these
sets is finite and every ranking function in F is included in at least one of the
sets. We can then call Algorithm 1 on each set F'™. Since each F" is finite,
Algorithm 1 will terminate for each set, either finding a ranking function and
invariant or proving that none exist within their templates. This leads to an
algorithm that will always find a ranking function and annotated program that
proves termination if they exist given F and Z. This result holds for recursively
enumerable ranking function templates because we can define a series of finite
sets that include every ranking function in the template.

5 Instantiation of SYNDICATE

In this section, we describe one instantiation of SYNDICATE. § 5.1 outlines the
sound modeling of the four core sub-procedures: getCandidate, check, getCex,



Ranking Function Termination via Bidirectional Decompositional Search 197

and refine. These sub-procedures, depending on the templates and programs
analyzed, can yield relatively complete termination algorithms, as discussed in
§ 4.3. In § 5.2, we introduce new parameters specific to this instantiation that
balance the exploration of the ranking function and invariant search spaces.
Tuning these parameters improves the algorithm’s efficiency in practice.

5.1 Modeling sub-procedures using SMT

In this instantiation of SYNDICATE, we use SMT queries to check the sound-
ness of ranking functions for a given loop. We define F as a template for ranking
functions. For the function getCandidate, given ¢, we generate an SMT query en-
coding a symbolic ranking function in F that satisfies the reducing and bounded
conditions for all of the pairs of states in ¢. Finding a satisfying assignment to
this query is equivalent to finding a candidate ranking function. If there is no
satisfying assignment, then I7(t, F) is empty, and getCandidate returns false.
We can also use an SMT query
for a function that implements
the semantics of both check and
getCex. check checks the validity 1: procedure refine(A, (p,p'),t,7)

Algorithm 2 Algorithm for refine

of f given A. First, we define vari- 2 inve = { }
ables representing the state at the 3:  A’,gen < getInv(t, (p,p’),invc)
start of one iteration of the loop, 4 thle gen do )
(z1,--+,;), and add the condi- if checkInv(A') tAher;,
tion (z1,--- ,x;) € | where | is the 6: I:etum true, AAA T .
invariant of the loop we are ana- (¢, c’), for_pre + getCexInv(A')
. . 8: if for pre then
lyzing, retrieved from A. Then, we — ,
. . 9: t<+—tU{(c,c)}
encode the over-approximation of 10: else

the loop body defined by A into .
the SMT query. For each loop in
the body of the outer loop, we de-
fine new variables, (x;1, -, 2; ;)
to represent the states at the exit
of each inner loop, adding the condition (x;1,--- ,2; ;) € ;N[-5;], where |; and
B; are the invariant and loop guard of the inner loop from A. We define variables
representing the state at the end of the iteration, (z7,---,2%), and set these
variables equal to the output state of [A] when the input state is (z1,--- , ;).
Checking the validity of f using A is reduced to determining the satisfiability of
the formula: (f(21,---,2;)—f(z1, - ,2%) < )V(f(z1,--- ,2;) <0). We return
true if this formula is unsatisfiable, and false otherwise. In Algorithm 1, getCex
is only called when check returns false. In this case, from the SMT query in

inve < inve U {(c,c')}
12: A’ gen < getInv(t, (p,p’),inve, I)
13: return false, A, ¢

check, we have a satisfying assignment to (z1,---,z;) and (zf,---,2’j). Since
we defined check to define symbolic states,(x;,1, -+ ,2;;), at the end of each
inner loop, instead of only returning (p,p’), check returns (p1,--- ,pm), Where
p1=Dp, pm =D and p; = (z51,--- ,2;;) for all i € [1,m)].

Implementation of refine. We present an algorithm implementing the
semantics of refine from § 4.2, starting with a single-loop program. Given a
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candidate ranking function f and a counterexample (p,p’), the algorithm state
contains an annotated program with invariant |. We aim to refine | to I’ C
I'\ {p} by finding a valid invariant 1" that excludes p while including all states
s such that (s,s’) € t. If such I” exists, we return | N 1”7, which lies in Z since
it is closed under intersection and satisfies | N1” C |. To find 1", we iteratively
generate and validate candidate invariants until either a valid one excluding p is
found or none exists. Algorithm 2 outlines this process: lines 3 and 12 generate
candidates, line 5 checks validity, and lines 7-11 update the information for
subsequent iterations. We maintain inv., the set of counterexample pairs from
previous iterations, initialized as {} (line 2). Candidate invariants (getInv) and
their validity (checkInv) are checked via SMT queries.

(pgél”)/\( /\ sEI”)/\( /\ SGI":>5'€I”) (1)

(s,s")€et (s,8")Einv,

(5 € Init As ¢ |”) v (s e 1" A[P]s ¢ 1") 2)

If the SMT query checking the validity of 1" is satisfiable, getCexInv returns
a pair of states (c,c'), s.t. either ¢ € Init A (e,d') ¢ " or c € 1" AN ¢ T".
In the former case, we add this state to ¢ (line 10). In the latter, we add it to
inv. (line 11). With updated ¢ and inv., we repeat the process of generating
and checking a new possible invariant. When refine returns the updated t, the
counterexamples from the invariant search guide the ranking function search.

Multiple Loops. For multiple loops, we need to find A’ < A, where A is the
annotated loop program in our algorithm state. Here, check returns (p1, -+ , pm)
instead of only (p,p’). So, we have counterexamples, p;, for each invariant, l;, in
the program. For each invariant, we maintain the set ¢; and nv,,. ¢; is initialized
from the initial program execution traces. inv., is initialized to an empty set.
We use an SMT query to generate candidate invariants, I} for all of the loops
such that at least one of the loops in A that excludes the counterexample, p;
associated with |;. Formally, we find a satisfying assignment to the constants in
2 such that

\/(_‘pieli/\ /\ SE'i/\( /\ SEIi:>$/E|i)> (3)

i (s,s")€t; (s,8")€inve,

Once candidate invariants are generated for all loops, if at least one I excludes
its p;, we validate them as in the single-loop case, adding counterexamples to t;
or inv,, accordingly. We repeat this process until at least one invariant is refined
or no valid invariant exists for any loop that excludes its p;. In the latter case,
we have shown that there exists a sequence of reachable states, with respect
to the invariant templates, that transitions from p to p’. Hence, (p,p’) lies in
the semantics of the loop body for all possible refinements of A, and we return
false. For the sub-procedures to be complete, the set of ranking functions in F,
their boundedness and decrease conditions, and both the invariant generation
and validation queries must be expressible in a decidable SMT theory.
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5.2 Adaptive Exploration for Efficient Implementation

Although Algorithm 1 is sound and complete with appropriate templates, it can
be inefficient in practice. To improve efficiency, we introduce two parameters: (1)
Pref, the maximum number of times refine is called for a given candidate rank-
ing function, and (2) P;ter, the maximum number of iterations within refine.
These parameters prevent SYNDICATE from spending excessive time attempting
to validate an invalid ranking function or prove an unreachable state unreach-
able. Once either limit is reached, SYNDICATE stops refining the invariant. The
modified pseudocode is provided in Appendix E. Users can tune P,.¢ and Pjzer
to balance exploration between invariant and ranking-function searches.

When encountering a counterexample (p,p’) for the ranking function, if
refine is not invoked or cannot fully explore the invariant search space, we
cannot conclude that (p,p’) is reachable. In such cases, (p,p’) is added to a
separate set t’, containing pairs whose reachability is inconclusive. During sub-
sequent invariant refinements, SYNDICATE checks whether A can prove any pairs
in t° unreachable and removes them accordingly. Candidate ranking functions
are then generated using tUt’, ensuring that each candidate f € F decreases and
is bounded over these pairs. If no candidate is found, the algorithm terminates.
Since t* may include unreachable pairs, this may cause early termination even
when a valid ranking function exists. To retain completeness, if no valid ranking
function is found, we rerun SYNDICATE with P,ct,Piter = 00, reusing the last t
and A, thereby combining efficiency with completeness guarantees.

6 Evaluation

Implementation Details. We implemented SYNDICATE using the instantia-
tion and parameters introduced in Section 5. For ranking functions, we adopt
a commonly used template of lexicographic functions (eq,...,e,), where each
ex = >, max(aj) + Zj aé—xj, 0), and x; represents program variables with coeffi-
cients ag» € Z. This form generalizes lexicographic, linear, and non-linear ranking
functions. We denote by T'(i,n) a template with ¢ summands per lexicographic
component and n components in total. Although our implementation supports
any i,n € Z, we use five representative templates in the evaluation: 7y = T'(1, 1),
Fo=T(1,2), F3 =T(1,3), F4a =T(2,1), and F5 = T(2,2). Invariants are rep-
resented as conjunctions of linear constraints dy + Zj djx; > 0, where d; € Z.

The implementation supports integer programs and function calls to random
number generators. It can be directly extended to handle other arithmetic types
supported by SMT solvers and non-recursive functions through inlining. For
programs with multiple loops, since Equation 3 can yield large SMT queries,
we refine invariants per loop whenever possible using smaller SMT queries that
exclude the state p; from |;. If refinement fails, we add (p,p’) to t* as described
in Section 5.2. We use a timeout of 120s, counting timed-out instances as 120s
when computing averages. We implemented SYNDICATE in Python and used the
Z3-Java API to validate ranking functions and invariants. All experiments were
run on a 2.50 GHz 16-core Intel 19-11900H CPU with 64 GB of RAM.
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Template B-synergyl B-synergy2 SYNDICATE

F1 76 84 98
Fa 125 128 142
F3 132 127 148
Fa 110 95 128
Fs 115 113 134

Table 3: Benchmarks (out of 168) proved by SYNDICATE and the two unidirec-
tional baselines across different templates.

Benchmarks. We evaluate SYNDICATE on 168 integer-program benchmarks
collected from vTerm [10], including all terminating programs in the Term-
crafted set of SV-COMP [2]|, the AProVE 09 set from TermComp [12], and
the vTerm-advantage suite [10]. These standard benchmarks, originally in C
and translated to Java by [10], include non-linear assignments and guards, non-
determinism, and nested or sequential loops of depth up to three. Integer pro-
grams form a strong benchmark class since they over-approximate general (even
heap-based) program semantics [1,18,21], making termination of such abstrac-
tions a standard evaluation metric [14,17,10,3,28,24,22].

Evaluation. Section 6.1 evaluates the benefits of SYNDICATE ’s bidirectional
decompositional search, where bidirectional feedback creates synergy between
the independent ranking-function and invariant searches. We compare against
baselines that (1) employ feedback in only one direction [24,9,7,27], or (2) jointly
synthesize both using a monolithic query [3,22,23]. We also evaluate multiple
algorithmic variants of SYNDICATE and analyze the causes of failure.

In Section 6.2, we also compare SYNDICATE with state-of-the-art termination
tools [14,11,10,3,17], which use sophisticated techniques such as neural networks,
multiple ranking functions, reduction orders, and SMT-specific optimizations.
Despite not using these advanced techniques, SYNDICATE achieves comparable
or better performance, primarily due to its novel bidirectional feedback. These
techniques are orthogonal and can be integrated with SYNDICATE to further
improve scalability and precision. Finally, Section 6.3 presents two represen-
tative benchmarks where SYNDICATE proves termination quickly, where other
techniques fail, including one that none of the existing tools can handle.

6.1 Efficacy of the Bidirectional Feedback

As discussed in Section 1, existing ranking-function-based termination analyz-
ers fall into three categories: (1) those that search for ranking functions and
invariants independently [10,17], (2) those with limited unidirectional feedback
between the two searches [24,9,7,27], and (3) those that jointly synthesize both
through a single monolithic query [3,22,23]. We show that the bidirectional feed-
back in SYNDICATE, where the invariant guides the ranking function and vice
versa, proves more benchmarks in less time than either unidirectional or mono-
lithic strategies, with consistent gains across all ranking-function templates.
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100% Template 73 100% Template 7,
—— Syndicate
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(a) B-synergyl and B-synergy?2 (b) B-combined

Fig. 6: Percentage of benchmarks proved over time. (a) uses 168 benchmarks
with F3, (b) uses 144 due to loop restrictions.
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Fig. 7: Benchmarks uniquely solved by SYNDICATE compared to the baselines.

To evaluate this, we implemented three baselines: B-synergyl, B-synergy2,
and B-combined. B-synergyl ignores counterexamples from invariant search
when refining ranking functions, while B-synergy?2 ignores counterexamples from
ranking-function search when refining invariants. B-combined jointly searches for
both components using a single monolithic query, matching the formulation in
VeryMax [16]. All baselines use the same templates as SYNDICATE and differ
only in how the two searches interact. B-synergyl and B-synergy2 are instanti-
ated with the five templates F; from Section 6, whereas B-combined is evaluated
only with F; due to scalability limits. All tools start with zero initial traces, and
SYNDICATE, B-synergyl, and B-synergy2 use Pycf = Pjter = 10.

In Fig. 6a, we show the percentage of benchmarks proved over time for SYN-
DICATE, B-synergyl, and B-synergy2 under template F3. Both baselines perform
worse than SYNDICATE, demonstrating that feedback in both directions is essen-
tial for proving more benchmarks within the timeout. Similar trends are observed
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Configuration Performance

Parallel Dynamic Bounded Pref,Piter # 00 # Proved Avg. Time (s)

SYNDICATE-BEST v v v v 151 15.37
SYNDICATE-SEQ X v v v 147 18.35
SYNDICATE-STATIC v X v v 151 15.91
SYNDICATE-UNBOUNDED v/ v X v 150 16.83
SYNDICATE-FULL v v v X 148 18.54

Table 4: Configurations and performance of different SYNDICATE variants.

for other templates (Appendix C). Table 3 reports the total benchmarks proved
by each tool across all templates. SYNDICATE achieves up to 29% improvement
over B-synergyl and 35% over B-synergy2. Since all configurations use identical
templates, the performance gains arise solely from the synergistic exchange of
guidance between the two searches. Figure 7 shows benchmarks uniquely solved
by SYNDICATE, again highlighting its advantage. The few cases where baselines
outperform SYNDICATE are due to non-determinism in candidate generation. Fi-
nally, Fig. 6b compares SYNDICATE with B-combined under F;. As B-combined
supports only non-nested loops, we evaluate it on 144 benchmarks. It solves 31
benchmarks quickly, since its single-query formulation requires fewer iterations,
but times out on more complex ones due to the enlarged search space. This
shows that the monolithic strategy does not scale with benchmark complexity.

Failure Analysis of SYNDICATE. We also an-
alyze the benchmarks that SYNDICATE-BEST fails

1 int t; to prove terminating within the timeout. Out of

2 ZE (b_>=‘ nA all programs, 17 remain unproved. For 9 of them,

j } etls; 1{ no ranking functions or invariants exist within the

t = -1; chosen templates, as confirmed by SYNDICATE-FULL

o (Pref = Piter = 00), which terminates and proves
while (x <= n) { . .

1% (b >= 1) { the absence of a termination argument. Among the

) X =%+ t; remaining 8, refine fails to find invariants ruling out

10 } else { unreachable states in 4 cases, causing SYNDICATE to

N } R loop over invariant generation, while in the other

Y 4, it keeps generating new ranking functions until

timeout. Fig. 8 shows a program whose termina-

tion SYNDICATE-BEST cannot prove using the tem-

plates in our implementation. The example admits

Fig. 8: Failure Example  no ranking function within these templates, whereas

tools such as Aprove and Ultimate succeed by using

algebraic bounds and multiple region-specific rank-

ing functions, respectively. Proving termination with SYNDICATE would require
richer templates, such as conditional or polynomial ones.

Variations within SYNDICATE. SYNDICATE supports several variants built
on the Bidirectional Decomposition Search (BDS) concept, each exploring dif-
ferent trade-offs for distinct benchmark classes. All variants share the same syn-
ergistic search strategy, while features such as templates, parallelism, dynamic
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analysis, and completeness are varied to isolate their impact. Table 4 summarizes
these configurations and their performance. SYNDICATE-SEQ uses a single tem-
plate F3 without parallelism, SYNDICATE-STATIC performs a fully static analysis
with zero initial traces, SYNDICATE-UNBOUNDED removes coefficient bounds,
yielding infinite search spaces, and SYNDICATE-FULL sets Pref = Piter = 00,
making the procedure complete for single-loop programs. SYNDICATE-BEST, used
in our main experiments, runs five templates (Fi,...,Fs) in parallel, initializes
with 100 traces, bounds coeflicients by 10,000, and sets Prey = Pjter = 10.
Table 4 shows that while SYNDICATE-BEST achieves the highest precision and
efficiency, the other variants also perform strongly (and outperform existing an-
alyzers), demonstrating the effectiveness of the BDS strategy.

6.2 Comparison with State-of-the-Art Termination Analysis Tools

This section compares SYNDICATE with several state-of-the-art termination an-
alyzers. Unlike SYNDICATE, which relies on a single ranking function per loop
and invariants synthesized using standard SMT solving, existing tools employ di-
verse and often sophisticated techniques such as neural networks, multiple rank-
ing functions for different loop components, reduction orders, and solver-specific
optimizations. Despite its simpler design, SYNDICATE consistently performs on
par with, or better than, these advanced systems, proving a broader range of
benchmarks and reducing average runtime by 16%—71%.

Tools compared. We compare SYNDICATE against state-of-the-art termi-
nation analyzers. ULTIMATE [14] constructs ranking functions for sub-programs,
then checks whether the current set of sub-programs captures the behavior
of the entire loop. VeryMax [3] combines multiple ranking functions, search-
ing for preconditions under which each is valid. Its design resembles our B-
combined baseline but includes SMT-level optimizations to ensure solver scala-
bility. AProVE [11] integrates multiple proof techniques, including ranking func-
tions, reduction orders, and dependency pairs. DynamiTe [17] combines dynamic
and static reasoning and relies on the invariant generator DIG [19]. vTerm [10]
uses neural networks to learn ranking functions from traces while enumerating
invariants from a fixed library. A detailed summary of these tools is provided in
Table 5 (Appendix F). In contrast, SYNDICATE achieves superior performance by
using bidirectional feedback between the invariant and ranking-function searches.

Parallelism. ULTIMATE, VeryMax, and AProVE have previously won the
Termination Competition [12], and AProVE has also won the Software Verifica-
tion Competition [2]. All tools employ parallel implementations: AProVE and
VeryMax are fully parallelized, ULTIMATE and DynamiTe parallelize ranking-
function validation, and both vTerm and SYNDICATE parallelize trace genera-
tion. In our experiments, all tools were allowed to use all available CPU cores.

Results. Table 9a summarizes the number of benchmarks each tool proves
and the average runtime. SYNDICATE proves the largest number of benchmarks
in the least average time, achieving efficiency gains of 35.1% over ULTIMATE,
16.0% over VeryMax, 31.1% over AProVE, and 71.0% over DynamiTe. Notably,
SYNDICATE outperforms AProVE and VeryMax despite their full parallelization
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Fig.9: Comparison of SYNDICATE with state-of-the-art termination analyzers.
(a) Benchmarks (out of 168) proved terminating and average runtime per bench-
mark. Other SYNDICATE variants (Table 4) also prove more benchmarks within
the timeout. (*) Results for vTerm are based on 123 benchmarks. (b) Pairwise
comparison of benchmarks uniquely proved by SYNDICATE and by each baseline.

and specialized SMT optimizations. vTerm supports only 123 benchmarks, as it
does not handle sequential loops or random-number calls. Using identical tem-
plates (Fy) and vTerm’s best configuration (1000 traces), SYNDICATE proves 105
benchmarks with an average runtime of 24.86s, compared to vTerm’s 96 bench-
marks and 33.13s, yielding a 25% runtime improvement. From Tables 4 and 9a,
we observe that all variants of SYNDICATE outperform existing techniques in
both coverage and runtime. Even the sequential variant (SYNDICATE-SEQ) using
a single template (F3) surpasses fully parallelized baselines. Fig. 9b highlights
the number of benchmarks uniquely proved by SYNDICATE-BEST versus each
baseline, demonstrating the advantage of SYNDICATE ’s bidirectional decompo-
sitional search approach over traditional termination analyzers.

6.3 Case Studies: Benefits of Bidirectional Decompositional Search

To further illustrate the efficacy of SYNDICATE, we discuss two non-trivial bench-
marks that existing tools fail to solve within the timeout, while SYNDICATE suc-
ceeds in 1.8s and 5.4s, respectively. We compare qualitatively with DynamiTe
and vTerm, which most closely resemble components of SYNDICATE.

To prove the termination of Program 10a, it suffices to show that = decreases
in successive iterations. Algebraic rewriting reveals that both z and y decrease by
the initial value of x —y. One needs an invariant at least as strong as z—y > 0 to
show that x always reduces. Although the termination argument lies within their
search space, AProVE and ULTIMATE fail to prove this benchmark. SYNDICATE
succeeds in 1.8s through its synergistic search, yielding f* = max(xz + 1,0)
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1 int x =y + 42; ;1 int a = 0, b = 0;

> while (x >= 0) { > while (a*b<=n || axb<=m) {
3 y =2 %y - Xx; 3 a=a+1;

1 x=(y +x)/ 2; ) b=D>b+ 1;

5 ) ¥

(a) Not proved by AProVE or ULTIMATE (b) Not proved by any existing tool

Fig. 10: Benchmarks for Case Studies

and I" = z —y > 1. DynamiTe, which also uses traces to propose candidate
ranking functions, is five times slower (11.9s) because its invariant generation,
handled by DIG, is not guided by the ranking-function search. Also, the traces
DynamiTe uses to generate ranking functions are not guided by the invariant
search. Stronger invariants such as x — y > 42 can also prove f* but require
longer search times due to the unguided search for invariants. vTerm proves
termination in 2.56s, but relies on non-generalizable, hard-coded invariants.

The second program in Fig. 10 involves a non-linear loop guard that none of
the other tools can handle. SYNDICATE proves termination in 5.4s by synthesizing
a lexicographic ranking function (max(n—2m+a—4b+1,0), max(m+a—2b+6,0))
and invariant @ > b. DynamiTe fails because DIG does not infer invariants useful
for validating ranking functions within the timeout. vTerm also fails despite the
existence of a valid ranking function in its template, as it cannot guess the
necessary invariants. These examples show that guiding both the invariant and
ranking-function searches, as in SYNDICATE increases the number of benchmarks
proved terminating and significantly reduces analysis time.

7 Related Works

Combined Search. Numerous techniques have been designed to reason about
program termination [10,24,9,26,17,13,20,6,7,16,3,28,22,23]. Some of these tech-
niques [23,22,16,3,28] directly search for both the ranking function and over-
approximation of the reachable states together with one logical formula, which
can be prohibitively expensive to solve, since the size of the search space would
be the product of the sizes of the individual ranking function and invariant
search spaces. Existing techniques based on SMT queries [23,22,16,3] introduce
optimizations to efficiently solve each monolithic SMT query, but provide no
theoretical guarantees on how efficiently they can navigate the combined search
space to find a valid combination of ranking function and invariants. Instead,
SYNDICATE separates the ranking function and invariant searches while exchang-
ing sufficient bidirectional feedback to efficiently navigate through the space of
possible ranking functions and invariants, as described in §4.3.

Unidirectional Feedback. Some termination tools [17,9,7,24,27,15] invoke ex-
ternal invariant generators or safety checkers that implicitly synthesize invariants
after producing candidate ranking functions. These methods typically provide
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no feedback to the ranking-function search beyond the final invariants. As a
result, the invariant search cannot guide ranking-function synthesis, and each
call to the external engine must restart its search since prior invariant states
are not reused. In contrast, SYNDICATE uses its refine procedure to guide both
subsequent refine iterations and future ranking-function generation. As shown
in § 6.1, allowing invariants to guide ranking-function synthesis significantly
increases the number of benchmarks proved within the timeout compared to
unidirectional feedback. Similar to how SYNDICATE exploits synergy between
invariants of multiple loops and the ranking function of one loop, [8] shares
information about preconditions needed for one function’s termination in an
inter-procedural analysis. While [8] shares information that affects the initial
states of other code, the use of annotated programs to define this synergy within
SYNDICATE allows it to have efficiency and completeness guarantees.

Formal Guarantees. Some termination analysis techniques offer completeness
guarantees but apply only to restricted program classes [13,20,5], such as those
admitting linear ranking functions. [28] provides relative completeness for poly-
hedral ranking functions by statically computing a finite set of candidates for
each loop. In contrast, SYNDICATE offers relative completeness for broader classes
of non-linear ranking functions, including those with logical operators. [23] and
[22] also establish relative completeness for general ranking functions, but nei-
ther provides completeness and efficiency guarantees simultaneously. [22] attains
scalability empirically by leveraging information from a parallel non-termination
analysis. SYNDICATE, in contrast, focuses solely on termination, maintaining
provable efficiency while ensuring relative completeness. It also allows users to
tune efficiency for specific use cases without sacrificing completeness guarantees.

8 Conclusion

We presented SYNDICATE, a general framework for automated termination anal-
ysis based on BDS. SYNDICATE supports diverse templates, is efficient, relatively
complete, and scales to complex programs. By changing only the search strategy
using BDS and without using mechanisms like reduction orders or SMT-level op-
timizations employed by existing solvers, SYNDICATE proves more benchmarks,
including some that no other tool can, in less average time, demonstrating the
efficacy of BDS. Currently, SYNDICATE is limited to the syntax defined in § 3.
Extending the theory to support arbitrary function calls, memory allocation,
threads, and higher-order types remains an important direction for future work.
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10 Data-Availability Statement

An artifact containing the implementation of SYNDICATE, along with scripts
and documentation necessary to reproduce the experimental results in this pa-
per, is available at https://doi.org/10.5281/zenodo.18195083. The latest
development version is maintained at https://github.com/uiuc-focal-lab/
Syndicate.
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